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NOMENCLATURE 
This table contains the definitions of the symbols used through-
out this work. It does not contain symbols defined and used locally 
within the body of this work. Dimensional variables are primed to 
distinguish them from dimensionless variables. Units are designated 
by Q, for thermal units, M for mass units, L for length units, t for 
time and T for thermal degrees. 
Symbol Definition 
C. expansion coefficient, defined by Equation IV-5. 
C heat capacity, d'/C' C' [=] Q/MT. 
p ^ p' po p ^ 
c , c constants in density equation. 
D mean diffusivity, B'/D' D' [=] M/Lt. 
E energy of activation for reaction rate constant, 
a 
AH' a 
E energy of activation for flow consistency index, 
AH' T' - T' 
V/ W 0\ 
t7^ T' T' ^' 
' w o ^ 
ô E Eckert number, „/ ^i . 
c C T 
po o 
T. ^ X • -u ^OUt/^OUt ^ O N ^ 
F free convection number, • (•— ) 0. 
c ' p p̂ ,+p ̂  
'̂o ^out '̂o 
"o Fr Froude number, —?—̂ r̂ rrr . 
Sz 2R 
acceleration due to gravity in the z direction, 
g^ [=] L/t^. 
XIV 
Symbol Definition 
H. enthalpy of pure species i per mole, H ' / C ' T"' 
1 -ir̂  X- jr -̂  ' l' p O O 
H' [=] Q/M. 
H, partial molal enthalpy of species i, B-'/C^ T^ 
H' [=] Q/M. 
AHf heat of reaction per mole of species i« 
AH^ [=] Q/M. 
A 
AHl heat of reaction per mass unit of species î  
AH^ [=] Q/M. 
AH'' activation enthalpy for reaction rate constants 
a 
AH^ [=] Q/M. 
AH/^ activation enthalpy for flow consistency index, 




k thermal conductivity, k'/k' k' [=] Q/LTt. 
K reaction rate constant, T/K' K ' [=] t"' „ 
r "̂  ' ro r 
K ' P — T) 
K flow consistency index, V / K ' K ' [=] M/Lt ~' , 
V ^ ' V O V ' molecular weight of species i, M. [=] M/Mole. 
N 5 N integers defined in Equation IV-7. 
n flow behavior index, dimensionless. 
Nu^ local Nusselt number defined by Equation A-Sl-
Nu Nusselt number based on the entering temperature 
drop, defined by Equation A-39. 
Nu arithmetic mean Nusselt number defined by 
Equation A-Ul. 
Nu^T,^ log mean Nussel t number defined by Equation A-43. 
'iilM 
P p r e s s u r e , P V p ' u ' ^ P ' [=] ^ . 
^ ^ ' ^o o -̂  Lt 
Gp^Kv^ 2R' ^"^ 













tube radius, R ' [=] L. 
tube radius, r ' / Z R ' T' [=] L. 
function of r defined by Equation IV-5. 
gas constant,-f^' [=] ̂  . 
(2R"ru;^-^p 




Schmidt number, =-7— (—) 
o o 
T' 
T ' - T ' 
w t empera ture , -=^ or /_rn^ • 
o o w 
u' 














v' [=] L/t. 
average mass fraction, dimensionless. 
mass fraction, dimensionless. 
radial distance defined by Equation IV-8. 
axial distance,, z'/2R'Re. 
axial distance, I6 (•r—r—) -r— z, 
^ l+3n' Sc 
R'^K' p ' r o o r e a c t i o n r a t e parameter , —̂ ;̂ r=-r . 
P. coefficient in power series solution, defined 
by Equation IV-10. 




Greek Symbols Definition 
9 ratio of Reynolds number and Froude number, 
Re/Fr. 
T 1 shear stress, T / [=] M/t L, 
rz rz ' 
F axial distance, 16(T—r—) -=— or l6(-. ' ) -^ . 
^ ' U+3n' Sc u+3n^ Tr 
T]' non-Newtonian viscosity, defined by Equation 
II-2, T]' [=] M/Lt. 
Subscripts 
AM arithmetic mean. 
J radial grid coordinate. 
i axial grid coordinate. 
L local value. 
LN log mean value. 
m mean value. 
o entrance value. 
w wall value. 
Superscript 




Although non-Newtonian fluids occur often in the chemical indus-
try, few studies have been reported in which the effects of the non-
Newtonian characteristics of the fluid are considered in a realistic 
manner. In particular, the fields of heat and mass transfer accompany-
ing a reacting non-Newtonian fluid have received little attention. The 
primary objective of this study was to consider the operation of a 
laminar flow, nonisothermal, tubular reactor. Secondary objectives were 
the study of heat transfer to a non-Newtonian fluid from a constant tem-
perature wall and mass transfer to a non-Newtonian fluid from a constant 
composition wall. 
The specific objective of this work was to solve the equations 
of continuity, motion, energy and diffusion for the situations described 
above. The physical properties were to be considered realistic func-
tions of temperature and concentration, and the inertial terms in the 
equation of motion and the radial velocity terms in the equations of 
energy and diffusion were to be retained. The equations were simplified 
by a boundary-layer analysis to the Prandtl boundary-layer equations. 
The axial conduction of heat and diffusion of mass were neglected. 
Before solutions to the complete equations were obtained, several 
simplified models were studied. For the tubular reactor problem, a 
"plug flow" model representing infinite radial diffusion and a "para-
bolic flow" model representing no radial diffusion were considered. 
These models showed that diffusion reduces the length of tube required 
XVlll 
for a given conversion. These models were also extended to include 
varying density and heat effects. For a simple model for the heat-and 
mass-transfer problem, an extension of the Leveque solution to non-
Newtonian fluids is proposed. 
Analytical solutions were obtained to the problems considered for 
the case of constant properties and fully developed flow. These solu-
tions permit interpolation between the results of the limiting simpli-
fied models. 
The solutions to the complete equations for variable properties 
and fully developed flow were determined numerically by a finite differ-
ence technique. The method consists of replacing the partial deriva-
tives with finite difference approximations. This produces a system of 
simultaneous algebraic equations which must then be solved implicitly 
for the velocity, temperature and concentration profiles. Systems of 
equations similar to those used in this work have been shown to be 
stable and convergent by earlier workers. The accuracy of the scheme 
was checked by comparison of the results with the analytical results and 
the little experimental data available. Variable property heat transfer 
results agreed well with those of Wilkins (l5). A step by step check 
of the energy equation showed the tubular reactor problem to be a much 
more stable problem numerically than the heat-transfer problem. Since 
the heat-transfer problem gave results in good agreement with those of 
Wilkins (15)? the tubular reactor problem was felt to be stable and 
accurate. 
The numerical results were correlated by the simple models 
discussed previously. Tables of results are presented which permit 
IVXX 
interpolation between the limiting simple models for constant properties 
and for varying density. The effect of a developing velocity profile 
was found to be important for 
R'^K'P' U' 1-n 
sZ = —ITF" ''W> ^ " 
V 
The exothermic heat of reaction of reaction situation could be 
bounded by the isothermal "parabolic flow" model and the adiabatic 
"plug flow" model. The results were correlated by a heat of reaction, 
A ^2 ^1 
^^ " M" • F" 
2 1 
a parameter E representing the rate at which the reaction rate constant 
changes with temperature and defined by 
K^ = exp(E^ ^ - ^ ) 
a group controlling the heat-transfer rate 
^ R'^K' C p ' cvPr ro po o 
Sc ~ U- K 
o 
and a l eng th parameter 
„^ _^/ n+lv a 
Z = 16(„ ,-,) -z- z 
^3n+l Sc 
K z 
^Sn+l'̂  I f 
Concent ra t ion and tempera ture p r o f i l e s and average concen t ra t ion and 
tempera ture are p r e sen t ed for g a s e s , Newtonian l i q u i d s and non-Newtonian 
f l u i d s . 
Hea t - t r an s f e r r e s u l t s for non-Newtonian f l u i d s are p re sen ted for 
XX 
constant properties and fully developed flow. The effect of varying 
rheological properties is also considered. The parameters here are 
E which is defined by 
V 
K = exp(E T) 
V ^ ^ V 
and 
5 = ̂ 6(3£±i) ^ 
3n+l ĵ ,2y, ,^/ 
o'̂ o po 
which is a length parameter. 
CHAPTER I 
INTRODUCTION 
Many chemical engineering operations require the solution to 
problems associated with the individual or combined effects of fluid 
flow, heat transfer and mass transfer. One approach to such problems 
consists of the mathematical solutions to the general equations of 
continuity, motion, energy and diffusion. However, for complicated 
problems involving variable properties and developing flows, analytical 
solutions are practically impossible. Although numerical methods imple-
mented on electronic computers are less rigorous, many useful results 
can be obtained by these techniques. This study was a numerical investi-
gation of three problems involving a non-Newtonian fluid flowing in 
laminar flow in a vertical tube. These problems are: 
(1) A tubular reactor. 
(2) Heat transfer from a constant temperature wall. 
(3) Mass transfer from a constant composition wall. 
Homogeneous Tubular Reactor 
The primary problem was that of a fluid reacting with a homoge-
neous first order reaction. Fuller (l) has studied this problem for 
turbulent flow of Newtonian fluids and discussed most of the previous 
work. However, no studies have been reported on this topic for laminar 
flow of non-Newtonian fluids and only a few have been reported for New-
tonian fluids. These are summarized below. 
Bosworth (2) was the first to consider the effects of diff'usion 
or., conversion by a complicated but intuitive argument. Although the 
results are of great value, they do not represent the solution to the 
di ffus i on equat ion. 
Lauwerier (3) considered the diffusion equation for the case of 
constant physical properties and fully developed flow, neglecting axial 
diffusion and radial convection, and determined the form of the analy-
tical solution. Wissler and Schechter (h) completed this problem with 
the determination of eigenvalues, expansion coefficients and norms, 
Oleland and Wilhelm (5)3 using an electronic computer, solved the 
diffusion equation numerically and compared the results with experimental 
data. This work showed that free-convection effects based on concentra-
tion and temperature differences could be significant and indicated a 
need, for variable property solutions. Vignes and Trambouze (6), study-
ing a second order reaction, attacked the problem in almost the same 
manner as Cleland and Wilhelm (5) and obtained similar results. 
Ulrichson and Schmitz (7) studied the effect of developing flow 
on homogeneous reaction by assuming the approximate velocity profiles of 
Langhaar (8). This technique, although quite valuable, cannot be exten-
ded to include variable properties or non-Newtonian fluids. 
The effect of axial diffusion on conversion was studied experi-
m.entally by Diekens et al. (9) and analytically by Walker (lO). The 
results indicated that this effect is unimportant except for very slow 
flows„ 
The only reported works which consider energy effects are those 
of Chambre (il, 12), His earlier paper discusses the "plug flow" model 
wtic:̂.:. is disc-,..ssed in the third chapter of this work. The later paper 
considers the more involved problem 'but the assumptions used severely 
limit the usefulness of the equations. Actually the problem is merely 
leduced t-) a Sturm-Liouville problem which must be solved for each case. 
The objectives of this work were to obtain the analytical solution 
for the general power-law fluid and to develop numerical solutions to 
include the variable property, developing flow cases. 
Heat Transfer from a Constant Temperature Wall 
The second problem studied was that of heat transfer from a wall. 
The analytical solution, assuming constant properties and fully developed 
flow, was first reported by Graetz (l3) for Newtonian fluids. For many 
practical situations these assumptions are not valid and attempts have 
lee:, made to remove these restrictions. Lee (lU) has sumiriarized most of 
these attempts and has presented a numerical solution for variable 
physical properties. Wilkins (15) has extended this to include the 
ir-ertial terms in the equation of motion and the radial velocity term 
in the energy equation. This work is valid in the hydrodynamic entrance 
regicc >: f the tibe as well as in the thermal entrance region. 
Non-Kewtonian fluids have only recently received much attention. 
I-yche and Bird (16) have extended the Graetz solution to the special 
case of power-law fluids of n -= 0.5 and n --^ 0.2. Pigford (l?) has 
extended the Leveque solution, to non-Wewtonian fluids. 
Metzner^ Vaughan and Houghton (18) have presented experimental 
data and correlated it to within 13.5 per cent. The physical properties 
for aqueous solutions of Carbopol and sodium carboxymethylcellulose 
(3'Mi') are given as functions of temperature. 
Craig (19) has also obtained a large amount of experimental data, 
Ke compared this to a numerical solution of the equations of motion and 
energy in which only the rheological properties were allowed to vary and 
fully developed flew was assumed. The mean deviation "between calculated 
and experimental results was 7 per cent. 
Lemjnon (20) has numerically solved the equations of motion and 
energy for the developing flow case considering the rheological properties 
vo be f'onctions of temperature. However, he did not cover a wide range 
of conditions. 
The objectives of this work were to obtain an analytical solution 
for the case of a general power-law fluid and to develop n-'um.erical solu-
tions without the restriction of fully developed flow or constant pro-
perties . 
Mass Transfer from a Soluble Wall 
The third problem considered was that of mass transfer from a 
wall. This study was restricted to isothermal conditions and low mass 
transfer rates so that the radial velocity was assumed to be negligible 
at the wall. This problem is very similar mathematically to the heat-
transfer problem^ and indeed if constant properties and fully developed 
flow are asŝ jmed, the heat-transfer solution can be used for the mass-
trar.sfer problem merely by substituting the Schmidt number for the 
Prandtl nuinber and concentration for temperature. 
Linton and Sherwood (2l) studied the diffusion of acids from 
soiuble tube walls into a stream of water. This work indicated good 
agreement with the Graetz solutiono Saimders (22) studied the diffusion 
of acids from soluble tubes into non-Newtonian fluids. The results were 
correlated by the Leveque equation corrected with a term involving the 
viscosity of the non-Newtonian fluid divided by the viscosity of the 
solvent, 
Since non-Newtonian fluids involve very low concentrations, vari-
able property solutions are probably not highly significant. The purpose 
of this work was to obtain solutions to the diffusion equation which are 
valid for low concentrations. 
Physical Properties 
In a study of this type it is important to keep in mind the range 
of interest of the physical properties and the various parameters such 
as the Reynolds number, the Prandtl number and the Schmidt number. 
Accordingly, a literature search was made to obtain this information 
with special emphasis being placed on how these properties vary with 
temperature and concentration. 
Although non-Newtonian fluids are of many diverse types such as 
polymer melts and solutions and aqueous solutions, suspensions, and 
slurries, primary interest here was placed on polymer melts and aqueous 
solutions of cellulosic polymers. 
Non-Newtonian fluids are characterized by their rheological be-
havior and, although this study assumed a power-law relationship between 
shear stress and shear rate, it must be remembered that real fluids 
follow this relationship only approximately. Many non-Newtonian fluids 
have elastic properties and/or time-dependent properties which are not 
adequately described by this simple model. However, many engineering 
problems can be studied successfully using this assumption and many 
Theological studies are available, both for polymer melts (SSg 2U) and 
aqueous solutions of cellulosic polymers (l8, 19)? from which the 
necessary properties can be characterized as functions of temperature» 
Studies of concentration effects are limited (25). 
Density measurements (26) and heat capacity measurements (26, 27) 
have been reported for polymer melts as functions of temperature. Simi-
lar measurements on aqueous solutions (18, I9) have indicated these 
properties to be very close to those of water. 
Thermal conductivity measurements on polymer melts (25, 28) indi-
cate little change with temperature but do indicate a low value of 
thermal conductivity approaching that of an insulating material. Mea-
surements on aqueous solutions (28) have indicated the thermal conduc-
tivity to be equal to that of water, while others (18) have determined 
this value to be as much as 25 per cent below that of water. 
Heats of reaction can be calculated by standard methods. Typical 
values for heats of polymerization (25) have been reported. 
Values of diffusivity are the most difficult to obtain. Experi-
mental values are tabulated as functions of temperature for gases (29), 
and as functions of temperature and concentration for certain organic 
liquids (30). However, only a few values are available (3I5 22) for 
non-Newtonian fluids which are of primary interest. 
The range of interest for the various parameters can be deter-
mined by combining values of the physical properties. Ranges of para-



















DEVELOHVIENT OF EQUATIONS 
In this chapter the physical situation is described in detail. 
The general equations of continuity, motion, energy, and diffusion are 
simplified and the assumptions are discussed. 
Physical Description 
A non-Newtonian fluid is flowing in laminar flow in a vertical 
circular tube and reacting in a homogeneous reaction. It can produce 
or absorb heat and exchange energy with its surroundings. At the tube 
inlet the velocity profile is either flat or parabolic and the fluid 
temperature is some constant value T . The tube wall temperature is 
maintained at a constant value T which can be equal to or different 
w 




The flow is considered to be steady and axially symmetric. In 
addition the boundary-layer assumptions are made. Applicability of the 
boundary-layer assumptions to non-Newtonian fluids has been discussed 
by Acrivos (32), Schowalter (33)? 3-nd Collins (3^). With these assump-
tions the z-component of the equation of motion becomes 
// /du , /Su N dP I d / / X / / TT- 1 
p (v ̂ —T + U ^—r) = - -r-r r ̂ —r(r T /) + p g H-l 
•̂  ̂  Sr dz dz r or ^ rz ' ^ ° 
For isotropic, non-Newtonian fluids the shear stress is given by 
T , = _ Tl' - 1 ^ 11-2 
rz dr 
where T]'' is a scalar function of temperature, composition and the velo-
city field. The equation of motion then hecomes 
// /Su , , /Su \ dP' 1 S//^/3u\,^/^/ TTo 
^ ^ dr oz dz r Sr ^ ' dr z 
The empirical functional relationship used in this work between 
T]' and the velocity field is the power-law model. Thus 
-, / n-1 
Tl' = . K'll^l 11-^ 
V' dr ' 
where K^ and n are functions of temperature and composition alone. For 
n=:l the fluid is Newtonian and K' reduces to the Newtonian viscosity, 
V 
Casting the equation in non-dimensional form yields 
2 
/ du du\ dP , ̂  d u /Tl dTl\ du , ̂  TT c 
p(v ̂ ~ + u ̂ -) = - -— + T̂  — - + (-J + —J) —- + Gp II-5 
^ dr dz^ dz -N 2 r̂ dr' dr 
dr 
Considering the enthalpy to be a function of temperature and com-
position, the energy equation (Equation E, Table l8.3-lj Bird (35)) 
becomes 
o 
,,̂ // / dT' / dT\ 1 d / /, / dT\ \ 1 d / /"̂ î / ̂ îx 
p C (v ^—r + U -^—r) = —r ^r—r\^ k ^—r) + > —r ^r-n-KT r-rD. T - T ) 
'̂  p^ dr oz ' r dr ^ dr ' Z_, r dr ^ M_. i dr ' 
i=l 
? If dWf dWf 
^ /_! M. ^ dr dz ̂  
1=1 ^ 
/ 2^ n+1 
- K [(IF^) . 
1 
II-6 
where the axial conduction of heat and the axial diffusion of mass have 
10 
teen neglected and the reaction mixture is limited to two components, 




are also neglected. The last term in Equation II-6 represents viscous 
dissipation. If the equation is cast into non-dimensional form, the 
summation terms expanded and the relation 
w + w = 1 II-7 
used, the result is 
A / ST ̂  dTs 1 /. S T , /k , Bks ST. 
p Br Sz' Pr^ ^ 2 r̂ Sr Sr^ 
Sr 
Sc^ \ 2 r̂ Sr dr' Sr 3r ̂  
Sr 
,n+l 
+ AH p(v |2 + u |H) + EC K [(|2)^'rT- Il-i 
^̂  Sr dz^ V Ldr^ j 
where 
— 2 "̂ 1 
^ =(Tr - M-) ̂ . M̂. . II~9 
1 
Since data on the partial molal enthalpies is limited, the enthalpies of 
the pure components are usually used. For this situation AH becomes 
A 
AH which is the heat of reaction per pound of component A reacted. 
Although this assumption is not really justified, the use of a mean 
A 
value of AH would prohably represent the data adequately. Numerical 
A 
solutions allowing AH to vary with composition and temperature would 
present no problems if sufficient data were available to characterize 
11 
AH as functions of temperature and composition. 
The diffusion equation, assuming a first order homogeneous reac-
tion and no axial diffusion, becomes 
,2 , 
D' BD\ SW' 
p {v T—r + U ^ — T ) = D + (—r + ^ — T ) •̂ —r - K p W 11-10 
"̂  ̂  Sr 5z ^ /2 r̂ dr Br r"̂  
dr 
In non-dimensional form this equation becomes 
^ Br dz Sc\ 2 r̂ dr' dr ^ r 
dr 
11-11 
The three equations -- the Equation of motion II-5,? the Equation 
of energy II-8, and the Equation of diffusion 11-11 -- are to be solved 
in conjunction with the equation of continuity 
1 dHl + ̂  = 0 
r dr dz 
11-12 
and t h e o v e r a l l mass ba lance 
P ' dr = constant 
dz 11-13 
to determine the values of u, v, w, T and P. The boundary conditions 
for this system of equations are 
z = 0 
Either 
K = p = C = k = D = K = l ( 0 < r ^ ^ ) P = v = 0 , 
V 
T = 1 
P 
a. u = (^)(1 - (2r)B±l) 
^n+1 ^ ̂  ^ ^ n ' 
or b. u = 1 
•T-T r. du dT ^ dw ^ 
11 r = 0 ^— = ~- = V = 0 -— = 0 
dr dr „ dr 
111 r = i v = u = 0, T = ̂ ^ = 0 
o 
12 
Some of the dimensionless variables used in these equations are 
listed helow. A complete listing may be found in the nomenclature 
sectiono 
r _ z _ P 




_ ̂ 'Re m _ T' 
u - yT V - -^jr- i - ^ 
(2R')'\j'^"''p' U'^ 
Re = TTT — Fr = -r=n—r 
IT 2Rg 
vo °z 
K r^x^ I 1-n C K OT-, / 1-n 
be - pT-iyT-; Pr - \ ' \-^) 
o o 0 0 
K' R ' P ' U'^ 
ro ^o TP o 
ot = - ^ Ec = -^y-^ 
o po o 
Heat Transfer from a Constant Temperature Wall 
For n = 1 (Newtonian fluid) this is the well-known Graetz problem, 
The fluid is not reacting and the diffusion equation is not required. 
For this situation the equation of motion and energy for non-Newtonian 
fluids becomes 
2 
/ du dus dP , ̂ d T /Tl , dTlx du , ̂  TT n), 
p(v -rr- + U -T-) = - -T- + W-^ + 1̂ - + -z—') r— + ep II-14 




A / dT dTx 1 /, d^T /k ^ Skx STN ^^ ,^ 
pC (v •̂ - + u -î -) = r— (k — - + (- + T—) -̂ -j 11-15 
^ p 3r Bz' Pr ^ ^ 2 V 5r' Sr' 
dr 
m / m ' 
T = ' ° m / _ m ' 
W O 
and viscous dissipat ion has been neglected. 
13 
The boundary conditions are 
I z = 0 K = p = 1 
V = T = 0 
(0 ̂  r ̂  -|) 
'3n+l. 
n+1 
Either a, u = (~^)(l - (2R) n ) 
or b . u = 1 




dr = 0 
III r = u = v = 0, T = 1 
Mass Transfer from a Wall 
This problem is similar to the heat-transfer problem except that 
the wall is maintained at constant composition. This study was limited 
to isothermal conditions. Therefore, the equations of motion and diffu-
sion are to be solved with special emphasis on the entrance region. The 
equation of motion retains the same form as Equation II-5 and the diffu-
sion equation becomes 
/ dw dw\ 1 /T̂  S w /D SDN dwx 
(V T-— + U rr—) = •̂ — (D + (- + ^—} ^-j 
^ dr dz^ Sc ^ ^ 2 r̂ br^ Sr' 
11-16 
The boundary conditions are 
I z = 0 D = K v = p = l 
V = w = 0 
(O ^ r < ^) 
n+1 
Either a. u = (3£L±l)(i . (2r) ̂  ) 
n + 1' 
or b. u = 1 
II r = 0 
du dw ^ 
V = __ = — - = 0 
dr dr 




Before proceeding to the solution of the general equations, it 
is worthwhile to consider two simple models of the tuhular reactor. 
These models usually establish upper and lower bounds for the solutions 
to the complete problem. The first model, termed the "plug flow" model, 
assumes that diffusion is rapid compared to the reaction and that the 
concentration is uniform across the tube. The second model, termed the 
"parabolic flow'* model, assumes that diffusion is negligible and that 
the concentration profile is established by the velocity profile which 
exists in the tube. This model predicts zero concentration at the wall 
and a maximum concentration at the tube axis. 
The equations for these models may be obtained by deleting the 
less important terms from the general equations. Heat exchange with 
the environment is accounted for by a heat transfer coefficient. The 
equations become 
3w 16 ,̂  
P^ -^ = - ~ Q̂ K̂ P̂  dz Sc 
ST A aw 8NU (^ ,v 
pu rr- = - AHpu ̂  =-- (T - 1) 
^ Sz dz Pr 
III-l 
III-2-
where the last term in the energy equation represents the heat exchange 
with the environment. Defining 
•̂- ^̂ / n + Ix a 





pu — ^ = 
oz 
/3n + IN ̂^ 
- (̂=̂  r) K pw 




ST AU SW . n+1) NuS£ ( 
3̂n + 1̂  a FT ^ - 1) III-5 
The "plug flow" model assumes 
u = 1 III-6 
while the "pa rabo l i c flow" model assumes 
n+1 
u = (.211^4) (1 - (2r) " ) 
^ n + 1 ' ^ ^ ^ ^ 
I I I - 7 
Constant Properties 
For constant properties only the diffusion equation is of inter-
est „ The "plug flow" model reduces to 
dw 
dz •̂  = - I 
3̂n + 1 
n + 1 
) W III-( 
and the s o l u t i o n i s 
/ /3n + Is N̂ 
w = exp(.- { ^^ ^ ^) z ) : i i - 9 
The "parabo l ic flow" model "becomes 
n+1 
/., ,'„ N n % Sw 
(1 - i 2 r ) ) — ^ = - w I I I - I O 
and the s o l u t i o n i s 
¥r 
W exp(' - z 
n+1 
(1 - (2r ) n ) 
I I I - 1 1 
l6 
?he average concentration is foimd by an integration across the tube 
i n+1 
W 
•3n + 1 
= Qi~rrv J ^̂ ^ - ^̂ ^̂  ^̂  ^̂  I I I -12 
For Newtonian fluids Cleland and Wilhelm (5) have shown that this 
integral can be expressed in terms of the exponential integral, a tabu-
lated function. For other values of n the integration can be performed 
numerically. A comparison of the two models for several values of n is 
presented in Table k of Appendix D. 
Varying Density 
If a linear variation of density with concentration is assumed 
p = c^ + c^ w III-13 
where 
c^ + c^ = 1 III-lU 
ther^ "the diffusion equation for the "plug flow" model becomes 
3w /3n + 1\/ , N 
Bl^= - ("ITTT^^^i^ ^2"^ " 
III-15 
The solution to this equation is found to be 
r-^ \ c_ + c^ w 
•K- (1 + n) ̂  1 2 
z = f^ T^ln 
c (1 + 3n) w 
w 
'1 
exp((-~~-rj-)c^ ẑ ) -
III-16 
III-17 
The "parabolic flow" model yields a solution as follows: 
17 
n+l 
* (1 - (2r) " ) 
Z = In w 
w = •̂  
exp(-
ĉ z 
• ) -n+T / ^2 
(1 - (2r) ̂  ) 
III-I8 
III-I9 
The average concentration is found by a straightforward numerical inte-
gration across the tube. A comparison of the two models is given in 
Tables 5 and 6 of Appendix D. 
Adiabatic Flow 
For this case the energy equation can be integrated to give 
T = 1 - AH (1 - w) III-20 
Assuming that the variation of K can be expressed by 
\(T - 1) 
K^ = exp( III-21 
The solutions become 
w 
•X-
Z = (^^f4) J dw 3n + 1' 
1 AHE (1 - w) â   
1 - AH(l - w) 
w exp(-
• ) 
for the "plug flow" model and 
n+l w 
P 
= (1 - (2r) " ) j 
dw 
w exp(-
AHE (1 - w) 




for the "parabolic flow" model. The average concentration is found by 
18 
a trial and error integration of Equation III-I9. A comparison of the 
two models can be made from the results presented in Tables 7 and 8 of 
Appendix D. 
General Flow 
Solutions to Equations III-^ and III-5 have been presented for 
Nu Sc 
limiting values of approaching infinity (isothermal flow) and 
a Pr 
approaching zero (adiabatic flow). The solution of these equations for 
Nu Sc 
intermediate values of 
Q! Pr 
for the "parabolic flow" model would pre-
sent a number of problems. However, solution to the "plug flow" case 
is simple and several solutions are given in Tables 9? 10 and 11 of 
Appendix D. 
Heat and Mass Transfer 
A simplified model for the heat- and mass-transfer problems is 
the well-known Lev^que solution. This solution has been extended to 
include non-Newtonian fluids by Pigford (l7). The results can be 
summarized by 
o 1/3 -, o 2/3 2/3 
T = 1.615 ( H ^ ) (^^) ? 111-2̂  
m ^ kn ^2 + 2xi' ^ 
,1 + n^V3 -1/3 




In this chapter analytical solutions are developed and the results 
compared with numerical solutions. Analytical solutions for the three 
problems considered in this study can he obtained for the case of a 
general power-law fluid flowing in fully developed flow and having 
constant properties. For these assumptions the equation of motion 
can be uncoupled from the equations of energy and diffusion and the 
velocity profile determined to be 
n+1 
u= (i£^)(l- (2r) " ) 
^ n + 1̂  ̂  ' 
IV-1 
Homogeneous Tubular Reactor 
The diffusion equation under these assumptions becomes 
B w 1 Sw _, Sw ^ ̂  ^ 
— _ + _ _ _ _ scu-TT— - Ibcm = O 
-^ d. T 6T dZ 





z = 0 
r = 0 
r = i 
w = 1 
1^ = 0 
dr Sw 
dr = 0 




3n + 1> 






— + ~ -r 16(1 
2 r 9r 
n+1 
(2r) ̂  ) ll - l6cyw = 0 IV-U 
Proposing a solution of the form 





E ! + i E.: + 16(X.(1 - (2r) "̂  ) - a)R. = 0 
1 r 1 ^ 1 ^ ^ "̂  1 
IV-6 
where the primes indicate differentiation with respect to r. In order 
n+1 
to solve this equation it will he assumed that is a rational num-
n 
ber, i.e., it can be expressed as a ratio of two integers. 
n + 1 ̂  _1 
n ~ N^ IV-7 
Making the substitution 
(2r)«2 IV-8 
Equation IV-6 becomes 
R- + i R: + l+N̂ x̂ '̂ 2-l)(>,.(i _ 
IX X IX 
X ) a)R. = 0 
IX 
IV-9 
where the sub x denotes differentiation with respect to x. Assuming a 
power series solution to Equation IV-9 of the form 
R I K.r^" IV-10 
k=0 
gives the recurrence relation 
21 
^^^({oi h^\-2M^ + ̂ iVsN^ - N̂ ^ 
k̂ 
(k-1) 2 
k ^ 3 IV-11 
p^ = o k < 0 IV-12 
where p is arbitrarily set equal to unity and p is equal to zero by 
boundary condition at r = 0. 
To determine the infinite set of positive eigenvalues, the 
boundary condition at r = "I- is used„ 
h\.l = ^ IV-13 
k=l 
In order to determine the expansion coefficients, C , the follow-
ing orthogonality relation is used 
i n+l 
f r(l - (2r) ̂' ) R R dr = 0 m ĵ  
J ^ ^ ^ "̂  m n ' 
 t Ti IV-lU 
Using Equation 17-1^ and the boundary condition at z = 0, the expansion 
coefficients are found to be 
n+l 








N. = U r(l - (2r) ̂^ ) R^ dr 
1 J 1 
IV-16 
The average concentration is then found to be given by 
00 
«M(5) = 2 ( ^ ^ ) I Cl S. exp(- X.I) IV-.17 
22 
This solution has been reported for Newtonian fluids by Lauwerier (3) 
and Wissler (h), 
Heat Transfer from a Constant Temperature Wall 
The energy equation under the assuimptions of constant properties 
and fully developed flow 'becomes 
d T 1 dT ^ ST _ 
^ 2 r Sr Sz or 
IV-18 




z = 0 
r = 0 
r = ^ 
ST 
Br 
T = 1 
0 





' n + 1' 
I,V-19 
converts Equation IV-I8 into the same form as Equation IV-^ with a = Oo 
The solution to this equation and boundary conditions proceeds exactly 
as the solution to the previous equation with a = 0 and the equation for 
determination of eigenvalues changed to 
Pi -1=0 ^k+1 IV-20 
k=0 
This solution has been reported by Lyche (16) for the special cases 
n -• 1, n. -• 0.5 and n = 0,2o 
22a 
Mass Transfer from a Soluble Wall 
The solution to this problem is the same as the solution to the 




Eigenvalues, expansion coefficients and norms were calculated 
for n = 0.2J 0.5, 1, and 1.5 for values of ĉ  from 0.25 to 25. The 
results are presented in Table 12 of Appendix E. These results may be 
used with Equation IV-17 to calculate the average concentration as a 
function of distance. 
Eigenvalues for n=l have been reported by Wissler and Schechter 
{k) and are in good agreement with those presented here. Comparison of 
the radial concentration profiles with those of Cleland and Wilhelm (5) 
and the numerical results presented in this work is given in Figure 1. 
The average axial concentration profiles are compared with numerical 
solutions in Figure 2. Comparison of calculated results and the 
experimental results of Cleland (5) is found in Figure 3. 
The analytical solutions presented here are valid for a less than 
about 25 and for Z greater than about 0,2. Attempts to extend these 
solutions to higher values of a and lower values of Z by the deter-
mination of more eigenvalues was unsuccessful due to round-off errors. 
However, in Figure k it is apparent that the solution for of = 25 differs 
from the simple model, "parabolic flow" model, by only a few per cent 
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Figure 3. Cornparison of Calculated and Experimental 
Results 
Data of Cleland and Wilhelm (5) 
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Heat and Mass Transfer 
Eigenvalues, expansion coefficients and norms are presented for 
values of n = 0o2,, O.U, 0„5, 0.6, 0.8, 1„0 and 1.5. The results are 
presented in Table 13 of Appendix E. Values of various Nusselt numbers 
and the mean temperature tabulated as a function of § in Table ik of 
Appendix. Eo 
Eigenvalues for n = 1, 0.5 and 0.2 have been reported by Bird 
(l6) and are in good agreement with those presented here. Comparison 
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The primary purpose of this study was to obtain solutions to prob-
lems involving non-Newtonian fluids. Solutions for several simplified 
situations were presented in Chapter III and analytical solutions for 
the constant property, fully developed flow problems were presented in 
Chapter I¥. In this chapter numerical solutions to Equations II-U, II-9,, 
and 11-12 which are valid in the entrance region of the tube and which 
consider the fluid properties to be realistic functions of temperature 
and concentration are discussed. Details of the solution may be found 
in Appendix A and the results presented in tabular form may be found in 
Appendices F and G. 
A complete solution to Equations Tl-k, 11-9? 9-̂d. 11-12 involves 
six param.eters and eight property variables. These are 
Parameters Properties 
ĉ  Sc e 
Pr Br T W 
p K n C 
^ V p 
k K D H 
r 
The primary distinction between the parameters and the properties is 
that the parameters are constant for any given program, while the pro-
perties are often functions of temperature and composition„ A complete 
study of all ranges of variables would require an excessive amount of 
computer time. The results of this study should be considered more as 
an outline than as an exhaustive analysis. 
32 
Validity of Scheme 
Before a numerical scheme can "be accepted as correct, some criteria 
must "be used to test the validity of the solution obtained, A rigorous 
stability and convergence analysis of the schemes used in this study 
would be difficult if not impossible at this time. An analysis proce-
dure for single partial differential equations based on intuitive argu-
ments has been presented by O'Brien (36) and outlined by Hildebrand (37). 
This procedure is based on the unpublished work of von Neumann. This 
method has been extended to systems of equations by Lax (38) and Richt-
meyer (39)' Bodoia (̂ O) has given a thorough adaptation of this method 
to the solution of the momentum and continuity equations. Wilkins (15) 
has extended this to include the energy equation. Addition of the diffu-
sion equation presents no new analysis. The conclusion is that the scheme 
used here is unconditionally stable and convergent. 
In addition, the accuracy of the scheme can be tested by compari-
son with the results of the analytical solutions and experimental data. 
These comparisons have been presented in Figures 1, 2, 3, 5, 6, and 7. 
The solution to the momentum equation gives results identical to those 
of Wilkins (l5). The heat transfer results for variable viscosity for 
Newtonian fluids agree well with those of Wilkins (15). 
Further, by the use of various internal checks it was found that 
the tubular reactor problem is a far more stable problem than the heat-
transfer problem. For the heat-transfer problem the heat added to an 
element of fluid can be determined either by the axial rise in the mean 
temperature for a given step or 'by the slope of the temperature profile 
at the tube wall. The agreement between these two independent methods 
33 
provides a good check for the accuracy of the solution. For the reactor 
problem a similar check can be made if account is made of the heat 
liberated or absorbed by the reaction. These features are discussed in 
Appendix A. These checks were used to determine the step size used to 
march down the tube. The time required for a given run was therefore a 
strong function of the stability of the solution. 
In this study it was found that a tubular reactor program could 
be run on a Burroughs B-5500 computer in about 100 seconds for fully 
developed flow and about 200 seconds for developing flow. The heat-
transfer programs required about 250 seconds for fully developed flow 
and about 60O-8OO seconds for developing flow. For heat-transfer pro-
grams the first step requires that the temperature at the wall take a 
step function change. The velocity profile also changes most drasti-
cally very close to the wall. To achieve accurate solutions, small 
steps must be taken. The reactor problem is a homogeneous reaction 
that occurs all the way across the tube. The violent changes which 
occur at the wall occupy such a small part of the total volume that 
larger steps may be taken and still achieve accurate solutions. 
In summary the equations of motion and energy can easily be docu-
mented to show the validity of the solutions. Wilkins (15) has presented 
numerous comparisons of his results with experimental data and the scheme 
used here is similar in many respects to the one used by Wilkins (l5)• 
The solution to the diffusion equation has been compared to the little 
experimental data available in Figure 3- Therefore, it is felt that 
the solutions presented here are stable, convergent and accurate and do 
in fact represent the physical situation. 
3̂  
Tubular Reactor 
Constant Properties - Fully Developed Flow 
For constant properties and fully developed flow the only para-
meter of interest is Q*. The two simple models representing limiting 
values as cf approaches zero and infinity are given in Table k of 
Appendix D. The numerical solution presented in Tables 15 and l6 of 
Appendix F provides a convenient means of interpolating between the 
two limiting values. This effect has been illustrated in Figure h. 
It is seen that diffusion is important for ô  < 25. Notice that for 
large values of a the average concentration profile is independent of 
a but that the radial concentration profile continues to change, and 
the wall concentration approaches zero. 
At this point it is worthwhile to consider the range of interest 
of the parameters. It is assumed in this work that many reactions of 
interest will be at least 90 per cent complete at a tube length of be-
tween 10 and 500 diameters. Considering the extreme values of the 
Reynolds number to be 100 and 2200 gives 
0.005 ̂  z ̂  5 
Using the "plug flow" and "parabolic flow" models, the values of ô /Sc 
are determined to be approximately 
0.05 ^ ̂  ^ 25 
Since gases normally have Schmidt numbers of about one, it is seen that 
diffusion effects for gases can be significant. Liquids normally have 
much higher Schmidt numbers. Therefore, even for low values of cv/Sc, 
35 
01 is relatively high and diffusion effects are small. For liquids the 
"parabolic flow" model results presented in Table 4̂- of Appendix D 
represent a good correlation. The effect of the flow consistency index 
is shown in Figure 8. 
Constant Properties - Developing Flow 
If the entering velocity profile is considered to be uniform, 
then the velocity profile changes as the fluid moves down the tube. 
The results of many investigators indicate that the length required for 
the centerline velocity to reach 99 per cent of its final value is about 
z = 0.060 
for Newtonian fluids. Since this process occurs asymtotically most of the 
effect of the developing velocity profile on the concentration profile has 
occurred in a much shorter distance. From these remarks it is expected 
that developing flow will affect the result only if 
Oi 
Sc 1 
For non-Newtonian fluids the hydrodynamic entrance length is longer 
than 0.060 for values of n less than one and shorter than O.O60 for 
values of n greater than one. Entrance lengths results for non-
Newtonian fluids are presented below. 
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Figure 8. Effect of Flow Consistency Index on Conversion 
Parabolic Flow Model, 
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These entrance lengths agree well with those of Collins (3^)- Developing 
axial velocity profiles for non-Newtonian fluids are presented in Table 1 
and illustrated in Figure 9-
The effect of developing axial velocity profiles on the concentra-
tion profiles is given in Tables 17 and l8 of Appendix F and is illustra-
ted in Figures 10, 11 and 12. The "plug flow" model represents the lower 
bound for the developing flow problem. Therefore, for liquids the curve 
will usually rest on the "parabolic flow" model but will move towards 
the "plug flow" model for high values of o'/Sc. The limiting cases are 
presented in Figure 13. Although a larger difference is possible for values 
of n greater than one, the entrance length is so short that no effect is 
felt except for very high values of O'/Sc. Although the solutions are 
functions of o/Sc and Sc, the effect of Sc can be taken into account by 
using separate tables for gases and liquids. 
Most of the results reported in this work are for a parabolic 
entrance velocity profile, and usually these results will be adequate. 
For non-Newtonian fluids, developing flow will affect the results for 
— ^ n 
Sc 
For reactions which occur substantially in the entrance region a correc-
tion must be made towards the "plug flow" model 
Variable Density 
If the density is allowed to vary with concentration, then the 
parameters of the solution are a, Sc and 0. A change in density pro-
duces a change in the residence time in the tube. This effect has been 
determined by the simple models of Chapter III. In addition, the con-
38 
Table 1. Developing Velocity Profiles for Non-Newtonian Fluids 
"Q u u u u 
n z X 10^ r = 0 r = 0 . 2 r = 0 . 3 r = O.k r = I+.5 
1.5 0 . 0 0 1 1 .028 1 .028 1 .028 1 .028 1.025 
0 , 0 2 8 1 .226 1.226 1 .226 1 . 1 1 ^ 0 . 6 8 5 
0 . 0 9 2 1.360 1.360 1.3^8 1 .9^8 0 . 5 2 2 
0 . 5 0 8 1 .739 I .6U2 1.320 0 . 7 5 ^ 0 . 3 9 6 
0 . 9 1 8 1 .958 1 .688 1 .288 0 . 7 1 ^ 0 . 3 7 3 
1 .327 2 . 0 8 1 1.705 1 .273 0 . 6 9 8 0 . 3 6 3 
2.2U9 2 . 1 6 8 1 .719 1 .261 0.6i+5 0 . 3 5 6 
3 . ^ 7 8 2 . 1 9 5 1.725 1 .263 0 . 6 8 5 0 . 3 5 5 
0 , 5 0 . 3 8 2 1 .157 1.150 I .1U2 1 .078 0 . 8 5 6 
1 .12^ 1 .302 1.292 1.2^+9 1 .021 O.65I+ 
2 . ^ 5 5 I .U38 I .U05 1.292 0 . 9 3 0 0 . 5 5 0 
^ . 5 0 3 1 .5^3 1.1+81 1 .308 0 . 8 7 ^ 0.1+99 
6 . 9 6 1 1.600 1.520 1.310 0.81+1+ 0.1+75 
11.U67 l .6i+2 1.5^8 1 .309 0.82I+ 0.1+61 
2 ^ . 5 7 ^ 1 .669 1.560 1 .308 0 . 8 1 5 0.1+53 
0 . 2 1 .532 1 .131 1 .131 I . I 2 U 1.070 0 . 8 8 7 
1+.092 1 .221 1 .221 1 .197 1.0I+6 0 . 7 6 7 
7 . 3 6 9 1 .27^ 1 .271 1.235 1.025 O.69I+ 
1 6 . 3 8 0 1 .319 1.315 1 .264 0 . 9 9 4 0 . 6 3 9 
2 6 . 2 1 1 1 .331 1 .326 1.270 0 . 9 8 5 0 . 6 2 7 
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Figure 13. Limiting Effects of Entrance Velocity Profile 
l+l4 
centration profile across the tube establishes free- convective forces 
which also affect the yieldo 
The results for gases may be correlated by the simple models. 
Interpolation between the two curves is aided by the information in 
Table l^ of Appendix F and illustrated in Figures ik and 15. For low 
values of ĉ /Sc, free-convection effects are negligible and the results 
are independent of Sc„ For high values of a/Sc, free-convection effects, 
although not highly significant, are noticeable. These effects are cor-
related by a parameter, Fc where 
Fc = (^^)^ (!£lilJL^) e v.i 
p p ^ + p 
"̂o '̂ out ô 
These results are given in Table 20 of Appendix F. 
The results for liquids may be correlated to within a few per 
cent by the "parabolic flow" model. Since Sc is large for liquids, even 
small values of a/Sc correspond to large values of a. 
Reactions with Heat Effects 
Since the rate of a chemical reaction is a strong function of 
temperature, the processes controlling heat transfer will also determine 
the yield of the reaction. The simple model approach suggests that the 
heat transfer with the environment may be characterized by the group 
cyPr/SCo For low values of this group, heat transfer is large and the 
solution tends towards that of isothermal flow. For high values of 
aPr/Sc, heat transfer is low and the solution tends toward the adiabatic 
flow solutions. Indication of this group as a correlating parameter is 
given in Table 2. It was found that separate correlations for gases and 
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vary so widely from gases to liquids. Also the density is a much stronger 
function of temperature for gases than for liquids. 
The parameters of interest then are O'Pr/Sc, AH, and the rate E 
at which the reaction rate constant changes with temperature„ A number 
of cases of interest are presented in Appendix F in tabular form. 
Although this study was intended to be a study of non-Newtonian fluids, 
it was found that no work has been published for gases or Newtonian 
liquids. Therefore, results are also presented for these important 
cases. Use of these results is discussed in Appendix H. 
The results may be plotted as the average concentration versus 
z"̂ . It is important to remember that Z^ involves both a/Sc and n so 
that part of the correlation rests in the choice of the dimensionless 
distance. A typical graph of W versus Z for various values of ccPr/Sc 
is given as Figure l6. Notice that as aPr/Sc increases, the solution 
moves from the isothermal line to the adiabatic line. For gases, all 
ranges of ccPr/Sc are of interest. However, for liquids, if very long 
tubes are excluded, the results of all values of cyPr/Sc may be summar-
A 
ized by a single line for each value of AH and E . This convenient 
a 
liquid correlation, accurate to within about 10*̂ , appears as Figures 17, 
18 and 19. 
An upper bound of the temperature is that given by adiabatic flow 
T - 1 - AH (1 - W) V-2 
One point of interest is that for high values of cyPr/Sc and low degrees 
of conversion, the maximum temperature occurs near the wall. As the 
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F igure l 8 . Liquid C o r r e l a t i o n 
c^Pr/Sc ^ 2 . 5 
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Figure 19. Liquid Correlation 
aPr/Sc ^2.5 
E = 21 
53 
temperature is found closer to the centerline. This temperature profile 
canj in extreme cases, cause pronounced concentration gradients across 
the tube. For low values aPr/Sc the maximum temperature is found near 
the centerline, and a flattening of the concentration profile occurs. 
Most of the results presented here consider viscous heating to be 
negligible. The effect of the Eckert number is shown in Table 3. 
Since the Eckert numbers involve the absolute temperature and the con-
version factor for mechanical to thermal units in the, denominator, the 
values in Table 3 represent relatively high values of this number. 
Heat Transfer 
One of the major purposes of considering the heat-transfer prob-
lem was to establish confidence in the numerical scheme. However, a 
secondary purpose was to obtain results for variable property heat 
transfer to non-Newtonian fluids. 
Craig (19) has discussed heat transfer to fluids with variable 
viscosity and has shown that two parameters exist for this problem, 
AH'/R' and T'/T'. It was also shown that an effective correlating 
parameter is 







The assumptions involved in this approximation are discussed in Appendix 
C. Several runs were made for E = 3 and T 1^'. = 1, 1.1 and 1.2. The 
V w' 1 ' 
resu l t s differed by less than one-half of one per cent, indicating that 
E i s an effective correlat ing parameter. Results presented here in 
V 
Appendix G are for values of E equal to 0, 1, 2, and 3̂  These values 
5^ 
Table 3 . Effec t of Viscous Heating 
a = 1,000 Sc = 1,000 E. = 21 
Pr = 10 a 
0.0 E = 0 .001 c 











0.898 0.057 0.898 1.0002 0.057 0.895 1.0017 0.057 
0.799 0.123 0.799 1.0003 0.123 0.797 1.0033 0.119 
0.595 0.303 0.600 1.0007 0.295 0.599 1.0067 0.27^ 
o.Uoo 0.565 o.Uoi 1.0012 0.557 0.398 1.0110 0 .50^ 
0 .19^ 1.081 0.197 1.0019 I.0U9 0.197 1.0173 0.905 
0.088 1.671 0.087 1.0027 1.638 0.087 1.0233 1.36i+ 
55 
represent viscosity ratios of about 2.7? 7.^ and 20 for Newtonian fluids. 
A limited amount of heat transfer results for developing flow are pre-
sented in Table 60 of Appendix G. The heat transfer results are illus-
trated in Figures 20, 21, 22 and 23. 
Mass Transfer 
The mass-transfer problem was not studied extensively for variable 
properties. Since non-Newtonian fluids normally involve very low con-
centrations, variable property solutions are probably not highly signi-
ficant. In addition, the L^v^que approximation provides an extension 
of the solution to very low concentrations and the behavior of the energy 
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CONCLUSIONS AND RECOMMENDATIONS 
Based on the results of this work, the following conclusions are 
reached: 
1. The computer solution presented in this work is an accurate 
solution for the problem of a reacting non-Newtonian fluid flowing in 
laminar flow in a vertical tube with variable physical properties and 
heat effects. 
2. The ratio, cv/Sc, can be used to characterize the effect of 
a developing velocity profile. For values of this ratio less than n, 
the effect of the developing velocity profile is small. 
3. The "plug flow" and "parabolic flow" simple models can be 
used as limiting cases for several important areas of interest. They 
provide convenient methods for correlating the results of the numerical 
scheme. 
k. The analytical solutions presented in this work give valid 
solutions for situations well out of the thermal entrance region of the 
tube. 
/ '^ 
5. The parameters, CfPr/Sc, AH, and E provide good correlations 
for the important case of exothermic reactions. 
Recommendations for extensions of this work are: 
1. The use of the numerical scheme presented here to cover other 
cases of interest. 
61 
2. The use of models other than the power-law model to describe 
the rheological properties of non-Newtonian fluids. 
3. The use of other boundary conditions with the energy equation 
such as constant heat flux at the wall» 
h. An experimental study of the tubular reactor problem with 
emphasis on heat effects« 
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A numerical solution to a system of partial differential equa-
tions is obtained by replacing the derivatives with finite difference 
representations. The difference equations form a system of linear 
algebraic equations which can be solved by straightforward arithmetic 
operations. 
The equations to be solved are: 
The axial component of the equation of motion 
/ du , duv 
Sr dz' 
^ , 4 , (̂  , |]0) |H , ep 
dz ^ 2 r̂ Sr^ 5r ^ dr 
II-5 
The energy equation 
„ / dT ̂  STx 1 /, ^^T ̂  /k ̂  Skx ST 
pC (v ̂ - + u ̂ -} = •—- (k — - + (- + T-) •̂ -
p dr Sz Pr ^ 2 r̂ dr^ Sr 
dr 
Sc \ 2 r̂ Sr'̂  dr"̂  dr 5r dr 
n+1 
+ Alp (v 1^ + u 1^) + EC Kvfcli) 1 
dr ^z' L Sr^ _j II-( 
The diffusion equation 
/ dw dw\ 
(v 3- + u -̂ -j 
^ dr dz 
2 
1 /S w , /D , dD\ Sw ^^ ^^ s 
s5 (7^ ^ 7̂ + a?) a? - ^̂ "'PV ) 
or 
11-11 
The continuity equation 
7 1 ? ('̂ p )̂ + 1 ; (p") = ° 11-2 
9\ 
and the overall mass "balance 
j- p, 
I -^ (p ru) dr = constant 11-13 
A rectangular, semi-infinite grid system is superimposed on the 
region 0 < r < - | j z ^ O i n the usual fashion. A general point is denoted 
bv where i denotes the radial index and i denotes the axial index. 
ô je-
A general unknown function, Y, evaluated at the point is denoted hy 
Y . The radial direction is divided into J divisions. The centerline 
j,^ 




J-1 J J+1 
J J+1 
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The finite difference representations used in this work are 





Y - Y 
^3r^j,^ 2Ar 
(evaluation of Tj) 
Ŷ - h^ + Y 
(^) = -̂  j,i,+l ^'j-l,jg,+l ^ j-2,j^+l 
^Sr^j,j^ 2Ar 
( ^ ) . 
dr 
2^j,^ 
(evaluation of boundary conditions) 





These representations are derived and discussed in standard numerical 
mathematics texts such as that "by Lapidus (Ul) . Bodoia (̂ +0) and Wilkins 
(15) have applied them to systems of equations similar to the one found 
here. 
Concentration Profile 
Substitution of these representations into the diffusion equa-
tion II~11 gives on rearrangement 
where 
A . w . ^ . ̂  + B . W . . ̂  + C . W . ^ „ ^ = F . 
J a-i,j^+i 3 3 , i + i a o+i,je,+i o 
^ , 2 2Scr.Ar 
ScAr 0 
3,Ji 
D. n . - D. , , (pv) 





B. = 1 4 _ Ĵ ^ 
^ Sc Ar' Az 
C. 2 2 ~ 
Sc Ar 2Sc r. Ar USc Ar 2Ar 
J 
3>Jl 
F . = l6c^(pK w) . ^ 
( puw) . ^ 
Az 
The b o u n d a r y c o n d i t i o n s a t r = 0 and T = ^ become 
and 
The sys t em of e q u a t i o n s can t h e n b e w r i t t e n 
1 l , x + l 1 2 , ^ + 1 = F. 
V l , X + l + V2,;^+l ^ ^2^3,^+1 = F, 
^f2,Ul ^ V 3 , ^ + l ^ S^ ,X+1 = F, 
where 
^J+l^J,Ul •*• -^J+l^J+ljje^+l ~ ^ J + 1 
^1 = ^2 - 3 ^2 
1 = ^2 ^ ^ ^ 2 
F = F 
1 2 
F = F 
J + 1 J 
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3w^ . , - W ^ . -, + w^ ^ , = 0 
-^ l,Ji+l 2,i+l 3,X+1 
A-7 
V l , ^ + 1 - S ,X+1 ^ 3Wj^l,X+l = ° A-l 
6? 
To solve this system of equations it is necessary to eliminate only the 
A coefficients. The system produced by starting in the upper left hand 
corner is 
^ ^ ^ , ^ • ^ ^ 1 ^ 2 , ^ + 1 = FP. 
BP w + C w 




BP^ ,w^ = FP^ , 
J+1 J+ljî +l J+1 
BP = B and FP = F 
BP. = B. - A.C. ,/BP. , 
FP. = F. - A.FP. ,/BP. , 
The concentration w_. ̂  . ̂  is found to be 
J+ljji+l 
w^ , ,,, = FP., -,/BP^ -, J+l,i,+l J+1' J+1 
The remaining concentrations are then determined by 
w. ^ . = (FP. - C. w. , , n)/BP. 
a,x+i 3 3 j+i,je.+i'^ 3 
Temperature Profile 




A . T . , , , + B . T . , , + C . T . , , , = F . A-9 
J 3-l,Jl^l J Jji'+l 0 3+1, Ul 0 
k . . k . . k . ^ . - k . ^ . (pC v ) . , 
A = J.J^ J.J^ J + l , £ J - l , i - P J . ^ 
J T. A 2 " 2 r . PrAr " or. A 2 2Ar 
"̂  Pr Ar J 2Pr Ar 
B . = -'^c,^ ^PVli,i 
Pr Ar 
Az 
k . ^ k . . k . ^ . - k . ^ . (pC v) . . 
3 ^ , 2 2r.Pr Ar ^r. A 2 ' 2Ar 
"̂  Pr Ar 3 2Pr Ar 
(pC uT). , ^ 
J Az ^ ^^^^h,i L o,Ĵ  2Ar 
w, , ^ - w. ̂  . 
+ u 
w — w _ 
jji- Az . ^ d , i ^ , ^ 
w. ^ . - 2"w. fl + w. -, . 
, 2 
Ar 
D./, D , , - - D . - , . ¥ . - , . - ¥ . , . 
4. J^^ , j+l,X J-l,i>N , p. J + 1,^ J-1,^ 
r. 2Ar ^ 3i^ 2Ar 
J A A 
AH. , , - AH, , ,. 
2Ar 
/Sc - Ec K 
J,̂  
u - u n+1 
ABS (-i±i^l_-il^) 1/Pr 
^ 2Ar ' _j' 
The boundary conditions at r = 0 and r = ^ become 
•̂ T -hi + T = 0 A-10 
and 
T = T J+l,i,+l w 
A-11 
The system of equations then becomes 
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\ \,j2rfi "̂  ̂ 1 ̂ 2,je,+i 
= F_ 
^2 '̂ 1,J2,+1 "̂  ̂ 2 ̂ 2,ji+l ̂  ̂ 2 '^3,1+1 
= F. 





B, = Ag - 30^ 
C^ = B^ + kC^ 
F = F 
1 2 
If this system of equations is solved by eliminating the A coefficients, 
the computational algorithm is 
BP^ = B^ 
FP^ = F^ 
BP. = B. - A. C ./BP. . 
FP. = F. - A.FP. ,/BP. , 
0 J J 0-1̂  a-1 
for 





T. , , = (FP. - C .T. , , J / B P . 
J ^ j > 1 
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Axial Velocity Profile 
Before putting the equation of motion into finite difference 
form, it is advantageous to consider the functional form of T]. The 
power-law assumption states that 
n-1 




if ~ > 0, then 
9r 





-̂v, ^ n-2 ̂ 2 ^ n-1 dK 
|3 = K(n-l)(|H) ^ + ( | S ) ^ 
Sr V Sr ^ 2 Sr Sr 
dr 
2 
^ 7 2 ^ ^7 •" B?^ s7 
or 
(—) ^Sr^ 
n-1 K SK 
K £:^ + :> |H + K (n-1) ̂  + ̂ 1|^1 
. V ̂  2 r dr V -s 2 Srdr J 
dr dr 
^ n-lp- ^2 K dK ^ -, 
(|i) i Tl K ^ + (-Z + _J^) |in 




If ~ < 0, then 




^ n-2 ^2 . n-1 SK 
P = K (n-l)(-|H) (. ̂ ) + (. 1^) ^ 
Br v^ ^^ Sr^ ^ ^ 2' Sr dr 
dr Finally, 
^ 2 r̂ Sr^ dr "̂ ^-^ 
Br 
n-1^ ^2 K ^ ^2 BK ^ ̂  
K ^ + -Z |!i + K (n-1) ̂  + -_I |Hl Br L V ̂  2 r Br v Br Br 
2 Br Br. 
^ n-1^ ^2 K BK . ̂  
( ^\ I K .Lli + r_x + 1) ^ ! 
" "̂ Br^ I V ^ 2 r̂ Br ^ BrJ 
Br 
Therefore the equation takes the following form 
•N n-V ^2 K BK ^ -. 
Bu , .. Bu^ dP , iBu, f.. ^ ̂  + (_I + ̂ ) |}i1 + ep A-IS 
r̂  Av ::̂'7̂  dz 'Br' L v .. 2 
Br 
Br ' ^ Bz^ dz • 'Br' L''"v ^__2 ' ̂ r ' Br Br 
The finite difference representation of this equation is then 
A . u . , . - ,+B.u. . ., + C . u . ^ . , + D . P . - = F . 
j j - l , X + l J J , J i + l J o + l , j i + l J -^+1 a 
A-lU 
where 
^ = L 2 A ; J 
A . = 
-nK . , K . , K . , . - K . T .n ^ (p^ )^ A vj,J^ V J , i ; V j + 1 , ^ V j - l , i , ] ^ - ) ^ _ J , ^ 
J L . 2 2r .Ar 
Ar J UA2 
2Ar 
_ 2 n ^ j , j ^ „ ^ ^P^^J,X 
' j - " , , 2 ^ - Az 
-nK K K 
rl2i_iLA + ^v ĵ ^g' + ^v j+i ,^ ^v j - i , ^ " | -^ ^ ^""'3,^ 
3 L . 2 2 r . A r 





F . = 
j ' Az 
Az Az ' p j , ^ 
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The boundary cond i t ions a t r = 0 and r = J are 
3U-, . -, + Uu^ . ^ + u_ . ^ = 0 
1,X+1 2,je,+l 3,^^+1 
J + 1 , j^+1 
A-15 
A-l6 
There are J unknown velocities and the unknown pressure of J + 1 un-
knowns. There are j - 1 difference equations from the equation of motion 
and one boundary condition or J equations. The remaining equation, the 
overall mass balance, will be shown later to be 
J+1 J+1 
\ \ 
; G.u. . T = ) G.u. . 
A-17 
j = l J= l 
where 
Gg = SRgPg/'* 
and 
G. = R.p. 
for 
3 ^ j ̂  J 
The system of equations then becomes 
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°i^i,je+i ^ ^ 2 , ^ 1 ̂  '^s'^s.^+i • • • V J . ^ I 
= F, 
\"i,m "" '̂ î a,̂ ! •̂  ^ i ^ ^ i 
= F. 
Vi , ; i+ i ^ V a . ^ i ^ ^2^2,i+i * ^2^^8+1 
= F, 
A,u + B ,u , . . , + C,u, 3 ^ 3 , ^ 1 " " 3 ^ 3 , ^ 1 ~'3'^3,i+l 
Vj-i,;e^i " V J , X + I *^/;t+i = ^J 
where 
\ = ̂ 2 - 3̂ 2 
C^ = B^ . kC^ 
J 
F = ) G.u. . 
a=i 
Considering only Equations 1 through J, the A coefficients can be 
eliminated in the usual fashion to form 
\^,Ji+l -̂  ̂2,j^tl ̂  ̂ 3,^+1 • • • 
= F 
o 
E^l^.^l ̂  ̂ 2*^2,m + I'V^l 
= F. 
BV2,;l+i ̂  °2"3,A+i * ^^2^^8+1 
= F, 
^^j"j,-e+i 




BP^ = B^ DP^ = D^ FP^ = F ^ 
BP. = B . - A . C . / B P . , 
0 3 3d' 0 - 1 
DP. = D. - A.DP. , / B P . , 
3 3 3 3-^ J - 1 
F P . = F . - A .FP. , / B P . , 
3 3 3 0 -1^ a - 1 
2 J J 
The B c o e f f i c i e n t s a r e t h e n e l i m i n a t e d t o form 
^ 1 ^ 1 , ^ + 1 •" V 2 , j ^ + 1 + • • • 
^^^1^2,j^+l ^ V 3 , ^ l ^ • • • + DPP.P , , = F , 1 i+1 1 
^^^2^3,^+1 ^ V ^ , ^ l + DPP P = F 2 je,+l 2 
where 
DPP_P, , = F^ 
CPP 
1 - ^2 " \ ^ l / ^ ^ ] 
DPP 1 = - 1̂ ^ V ^ ^ 
FPP, = F - G , F P , / B P , 
1 o 1 1 ' 1 
and CPP. = G. , - CPP. , C . /BP J 0+1 j - l y -
DPP. = DPP. , - CPP. - , D P . / B P . 
J j - 1 j - 1 j ^ J 
FPP . = FPP. , - CPP. , F P . / B P . 
,1 ,1-1 ,1-1 ,V ,1 
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or 1 ^ j ^ J 
Then the s o l u t i o n i s found t o be 
^^.1 = F^V^^^j 
u^ , , = (FPP^ -, - DP_ , P , J / C P P _ . J,j^+1 ^ J - 1 J - 1 l-^r' J - . 
and u . , , + ( F P . , - DP.P, , - C.u. , , n ) /BP. 
f o r 1 ^ j ^ J - 1 
Radial Velocity Profile 
The radial velocity components are determined from the microscopic 
form of the continuity equation. The following difference equations are 
used 
f,i9^. "o^ri.^i - P"l,^^ ^ '^j^i^P^j.i.m - P̂ j+i,;ê  ,,8 
^"^ar^j .^e- 2Ei *"^" 
and 
.5prv. P̂̂ \̂l̂ l,̂ l̂ - ̂ P^^\l,m 
^ 3r ^j,j^ Ar 
A-19 
The resulting equation is 
V . 
j+ l , J i+ l r (P^^). ..-, + -^ [ r . (pu- , o^^ - P^. J 
1 r , X _ A r 
j+i,ĵ +i i-^ '̂'''̂ J'̂ +i ^ 2Az rr--j,je+i --j ,r 
+ ^ a ^ i ( P ^ j + i , ^ + i - P^j-M,^), A-20 
f o r 1 ^ j ^ J 
where ^1,^+1 = ° 
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The overall mass balance, used previously as Equation (A-17), 
can be derived by integrating the microscopic continuity equation from 
r = 0 to "I. Equation (A-20) is valid for all points in the tube except 





2̂,̂ +1 = TSI P̂")2,A+1 + (P̂ )l,̂ ,l - M2,i - (P̂ )l,i *-22 
Adding this result to Equation (A-20) for each point across the tube 
gives Equation (A-I?) as the result. 
Average Concentration and Temperature 
The average concentration in terms of dimensionless variables is 
given by 
W = 8 i wpur dr 
m J '̂  
A-23 
Although the heat capacity was assumed to be variable in the derivation 
of the equations, it was not varied in any of the actual runs. For 
constant heat capacity the average temperature is given by 
Tpur dr T = 
m 
A-2U 
A generalized mean temperature, valid for variable heat capacity, is 
discussed by Lee {ik) and Wilkins (15)• 
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Nusselt Niomber Calculations 
The local Nusselt number is defined by 
h'2R' 
A-25 
The local heat-transfer coefficient can be calculated by two independent 
methods for the heat-transfer problem. It can be determined either by 
the radial temperature derivative evaluated at the wall or by the axial 
derivative of the mean temperature. These two methods yield respectively 
for constant thermal conductivity 
aTi 
and 
Sr'r = i 
"^L-jr^ 
A-26 
(3Tĵ ^ - % - Tj_^) 
A-27 
2Ar(l - T ) 
^ m PrST 
in 
NU T = —rrr 
L 4dz 
A-28 
Pr(T - T ) 
"^^•"j^+l i-V 
1, A„ A-29 
A measure of the accuracy of the solution is then given by 
Error = 
Nu,. . T - Nu- ^. -, 
L axial L radial 
A-30 
Nu_ . , + N U T -,. , 
LJ axial L radial 
For the tubular problem when there is no viscous dissipation and 
the heat of reaction is constant, the ratio of the heat exchanged with 
the environment to that generated by the reaction can be determined by 
two similar methods. This ratio becomes 
% adial 
1̂̂ 1 . 













Definitions of other Nusselt niimbers are often useful. That based 
on the initial temperature difference is defined by 
h'2R' 








The arithmetic mean Nusselt number is defined by 
l^M^R' 
Nu... = r-f 
AM k 
U Pr T 
rn_ 
~ z(2 - T 
A-35 
A-36 











The calculations were made on a Burroughs B-5500 Information 
Processing System operated by the Rich Electronic Computer Center at the 
Georgia Institute of Technology. The programming language was Extended 
Algol 60. 
Outline 
The computer program has been divided into a number of sections. 
These sections are separated by several spaces and each section is 
preceded by a COMMENT statement which describes the function of that 
section. 
The first section contains the declarations and the input and 
output lists and formats. In the second section data is read into the 
program and initial values are assigned to the variables. 
The physical properties are evaluated in the third section. The 
fourth through the seventh sections contain the calculations of the 
concentration, temperature, axial and radial velocity profiles. These 
profiles are averaged in the eighth section and the Nusselt numbers and 
error terms calculated in the ninth section. 
The last four sections contain the output procedure, the scheme 
for changing DR and DZ and the procedure for repeating the cycle of 
calculations. 
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Computer Program Nomenclature 
In order to facilitate reading the computer program the more 























BEGIN COMMENT JACK WHATLEY - A REACTING NON-NEWTONIAN FLUID FLOWING 
IN A VERTICAL TUBE 
REAL DR, DT, DZ, ERR, ERRA, ERRAD, FLOW, GRAY, GZ, I, K, Kl, LAMDA, 
LNUSR, LNUSZ, M, Nl, NUSAV, NUSLN, NUSO, TAVG, TAVGl, ERl, PR2, PRN, 
RAD, RADl, REDFR, SC, TQ, TW, UAVG, VISl, VIS2, VIS3, WAVG, WAVGl, 
Yl, Y2, Y3, ZP, ZPT 
REAL ARRAY A, B, BP, BPP, C, CP, CPP, D, DP, DPP, F, FP, FPP, G, HR, 
KR, KT, KV, N, R, RDF, V[0:250], RHO, T, U, W[0:2,0:250] 
LIST DATA(ALP, SC, PRN, RADFR, M, DZ, Nl, FLOW) 
LIST DATAl(FOR K + 1 STEP 1 UNTIL 5 DO CN[I,K]) 
FORMAT OUT HOWl(" ALP = ",R15.5,X10," SC = ",R15.5,X10," PRN - ", 
/," RE/FR = ",R15.5,X10," M = ",15,X10, ' INITIAL DZ = ",R15.5, 
/,"N1 = ",R15.5,X10," FLOW = ",15,//) 
LIST 0UT2(F0R K *- 1 STEP 1 UNTIL 8 DO CN[K,I]) 
FORMAT OUT H0W2(8R15.5) 
LIST 0UT3(AXZ, GZ, LAMDA, UAVG, WAVG, TAVG, PR2, GRAV, ERR, K, DT) 
FORMAT OUT H0W3(" AXZ = ",R15.5," GRAETZ = ",R15.5,"LAMDA = ",R15.5 
,/," AVG VEL = ",R15.5," AVG CONC = ",R15.5," AVG TEMP = ", 
R15.5," TOTAL PRES = ",R15.5," GRAV = ",R15.5,/," THERMAL ERR =" 
,R15.5," TIME AFTER ", 15," STEPS IS ",R15.5) 
LIST 0UTU(RAD, U[2,I], W[2,I], T[2,I]) 
FORMAT OUT H0W1+(UR25 .5) 
FORMAT OUT FMTl(X30,"PHYSICAL PROPERTY CONSTANTS") 
FORMAT OUT FMT2("C0NC BELOW 0 ") 
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FORMAT OUT FMT3(" VEL BELOW 0 ") 
FORMAT OUT FMTU(X10,"RAD",X25,"U",X25,"W",X25,"T") 
FORMAT OUT FMT5(" DZ INCREASED") 
LABEL TOM, LEND 
PROCEDURE AVGVAL 
BEGIN 
FOR I + 3 STEP 1 UNTIL M+1 DO BEGIN 
Y3 ̂  Yl + (A[I] + UXA[I-1] + A[l-2])XDR/3 
Yl - Y2 ; Y2 + Y3 
END ; END 
COiyiMENT START PROGRAM - SET INITIAL VALUES 
READ(FIN,/,DATA) 
FOR I ̂- 1 STEP 1 UNTIL 8 DO READ(FIN,/,DATA1) 
CLOSE(FIN,RELEASE) 
TO. »- TIME(2) 
PRl - 0 
WAVGl ̂  1 
ZP *- DZ 
DR ̂  0.50/M 
TAVGl - 1 
FOR I 1- 1 STEP 1 UNTIL M + 1 DO BEGIN 
R[I] ̂  (l-l)xDR 
V[l] ̂  0 
T[1,I] - 1 ; [1,1] - 1 
IF FLOW = 0 THEN U[l,I] - (3xNl + l)x(l - (2XR[I])-^( (Ml + 1)/N1)) 





FOR I - 1 STEP 1 UNTIL 5 DO WRITE(F0UT,H0W2,0UT2) 
COMMENT EVALUATION OF PHYSICAL PROPERTIES 
COMMENT IN THIS SECTION THE EQUATIONS VARY FROM PROGRAM TO PROGRAM 
HERE THE PROPERTIES ARE MERELY LISTED 
TOM: 
FOR I ^ 1 STEP 1 UNTIL M + 1 DO BEGIN 
RH0[1,I] RDF[I] KR[I] 
KT[I] CP[I] HR[I] 
KV[l] N [ I ] 
END 
COMMENT DIFFUSION EQN 
FOR I ^ 2 STEP 1 UNTIL M DO BEGIN 
VISl - RDF[l1/(SCxDR^2) 
VIS2 - RH0[l ,I]xV[l] /(2xDR) 
VIS3 - ( R D F [ I ] / R [ I ] + ( R D F [ I + 1 ] - R D F [ I - 1 ] ) / ( 2 X D R ) ) / S C 
A [ I ] ^ VISl + VIS2 - VIS3 
B [ I 1 *- -2xVISl - RH0[l , I1x U[ l , I ] /DZ 
C [ l ] - VISl - VIS2 + VIS3 
F [ I ] - -RHO[ l , nxU[ l , l ] xW[ l , i ] /DZ + 1 6 X A L P X R H 0 [ 1 , I ] X K R [ I ] X W [ 1 , I ] 
END 
B P [ 1 > - A [ 2 ] - 3xC[2] ; C [ l ] ^ B [ 2 ] + i+xC[2] ; FP[k] *- F [ 2 ] 
A [ M + 1 ] ^ B [ M ] + ^XA[M] ; B [ M + 1 ] ^ C [ M ] - 3XA[M] ; F [ M + 1 ] - F [ M ] 
FOR I »- 2 STEP 1 UNTIL M DO BEGIN 
Qk 
BP[I] - B[I] - A[ l ]xC[l - l ] /BP[ l - l ] 
FP[i] - pri] - A[I]XFP[I-I]/BP[I-I] 
END 
W[2,M+;] *- FP[M+1]/BP[M+1] 
FOR I ̂  M STEP -1 UNTIL 1 DO BEGIN 
W[2,I] - (FP[I] - C[l]xW[2,I+l])/BP[l] 
IF W[2,I] ̂  0 THEN BEGIN 
WRITE(F0UT,FMT2) 
GO TO LEND 
END : END 
COMMENT ENERGY EQĴ  
FOR I ̂  2 STEP 1 UNTIL M DO BEGIN 
VISl - KT[I]/(PRNXDR-^2) 
VIS2 - RH0[l,l]xV[l]CP[l]/;(2xDR) - KT[I]/(PRNXR[I]XDR^2) 
A[I] - VISl + VIS2 
B[I] - -2xVISl - RH0[1,I]XCP[I]XU[1,I]/DZ 
C[l] - VISl - VIS2 
F[I] ^ -RH0[1,I]XU[1,I]XT[1,I]/DZ +(HR[I]X(RDF[I]W(W[1,I+1] 
-2xW[l,l] + W[l,I-l])/DR^2 + RDF[I]/R[I] + 
(RDF[I+1] - RDF[I-1])/(2XDR)) + RDF[I]X(W[1,I+1]-W[1,I-1])X 
(HR[I+1] - HR[l-l])/(i+xDR-̂ 2))/SC + m[l]xRHO[l,l]x 
(v[l]x(w[l,I+l]-W[l,I-l])/(2xDR0) + U[l,l]x(W[2,l]-W[l,I])/ 
DZ) + BRXKV[I]XABS((U[1,I+1]-U[1,I-1])/(2XDR))^(N[I]+1)/PRN; 
END ; 
BP[l] - A[2]-3xC[2] ; C[l] - B[2] + i+xC[2] ; FP[l] - F[2] ; 
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A[M+1] *- B[M] + UXACM] ; B[M+1] - C[M]-3XA[M]; F[M+1] - F[M] 
FOR I ̂  2 STEP 1 UNTIL M + 1 DO BEGIN 
BP[l] ^ B[I] - A[I]XC[I-1]/BP[I-1] 
FP[I] - F[I] - Ari]xFP[l-l]/BP[l-l] 
END 
T[2,M+1] - TW 
FOR I *- M STEP -1 UNTIL 1 DO 
T[2,I] ̂  (FP[l]-C[l]xT[2,I+l])/BP[l] 
COMMENT MOMENTUM EQN 
COMMENT HERE THE DENSITY IS EVALUATED AT LEVEL 2 
FOR I - 1 STEP 1 UNTIL M+1 DO RH0[2,l] 
FOR I ̂  2 STEP 1 UNTIL M DO BEGIN 
VISl ̂  ABS((u[l,I+l]-U[l,r-l])/(2xDR))^(N[l]-l) 
VIS2 - (KV[I]/R[I] + (KV[I+1]-KV[I-1])/(2XDR))/(2XDR) 
VIS3 ^ RH0[l,I]xV[l]/(2xDR) 
A[I] ^ VIS1X(N[I]/DR^2-VIS2) + VIS3 
B[I] ^ -2XN[I]XVIS1/DR-^2 - RHO[l,l]xU[l,l]/DZ 
C[l] - VIS1X(N[I]/DR^2 + VIS2) - VIS3 
D[I] ^ -l/DZ 
F[I] «- -RH0[1,I]X(REDFR+U[1,I]-^2/DZ) - PRl/DZ 
END 
G[1] ^ 0.25xR[2]xRH0[2,2] ; G[2] ̂  0.75XR[2]XRH0[2,2] 
FOR I ̂  3 STEP 1 UNTIL M DO G[I] - R[I]XRH0[2,I] 
BP[l] ̂  A[2] -3XC[2] ; C[l] ̂  B[2] + UxC[2] 
DP[l] *- D[2] ; FP[l] *- F[2] 
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F[O] ̂  DRx(RH0[l,2]xU[l,l]/i+ + RH0[l,2]xU[l,21x0.75) 
FOR 1 ^ 3 STEP 1 UNTIL M DO F[O] - F[0]+R[I]XRH0[1,I]XU[1,I] 
FOR I - 2 STEP 1 UNTIL M DO BEGIN 
BP[I] *- B[I] -A[I]XC[I-1]/BP[I-1] 
DP[I] *- D[I] -A[I]XDP[I-1]/BP[I-1] 
FP[l] ^ F[I] -A[I]XFP[I-1]/BP[I-1] 
END 
CPP[l] - G[2] - G[1]XC[1]/BP[1] 
DPP[l] ̂  -G[1]XDP[1]/BP[1] 
FPP[l] *- F[0] - G[1]XFP[1]/BP[I] 
FOR I «- 2 STEP 1 UNTIL M DO BEGIN 
CPP[I] - G[I+1] - C[l]xCPP[l-l]/BP[l] 
DPP[I] ̂  DPP[l-l] - DP[I]XCPP[I-1]/BP[I] 
FPP[l] *- FPP[I-1] - FP[l]xCPP[l-a]/BP[l] 
END 
PR2 ̂  FPP[M]/DPP[M] ; U[2,M+1] - 0 
U[2,M] ̂  (FPP[M-1] - DPP[M-l]xPR2)/CPP[M-l] 
FOR I ̂  M-1 STEP -1 UNTIL 1 DO BEGIN 
U[2,I] ^ (FP[I] - DP[I]X:PR2 - C[l]xU[2,I+l])/BP[l] 
IF U[2,Il < 0 THEN BEGIN 
WRITE(F0UT,FMT3) 
GO TO LEND 
END ; END 
COMMENT RADIAL VELOCITIES 
V[l] - 0 
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V[2] ̂  -(RH0[2,1]XU[2,1] + RH0[2,2]xU[2,2] - RHO[l,l]xU[l,l] -
RH0[1,2]XU[1,2]XDR/(UXDZXRH0[2,2]) 
FOR I ̂  3 STEP 1 UNTIL M + 1 DO BEGIN 
V[I] - R[I-1]XV[I-1]XRH0[2,I-1]/(R[I]XRH0[2,I]) - (u[2,l]xRH0[2,I]-
U[l,l]xRH0[l,l])xDR/(2xDZxRH0[2,l]) - (u[2,I-l]xRH0[2,I-l]-
U[1,I-1]XRH0[1,I-1])XDRXR[I-1]/(2XDZXRH0[2,I]XR[I]) 
IF V[l] > V[l-1] THEN VMAX *- V[l] 
END 
COMMENT CAL AVGS 
FOR I ̂  1 STEP 1 UNTIL M + 1 DO A[I] *- R[I]XU[2,I] 
AVGVAL 
UAVG *- 8xY3 
FOR I - 1 STEP 1 UlTTIL M + 1 DO A [ I ] *- R [ I ] X R H 0 [ 2 , I ] X U [ 2 , I ] X W [ 2 , I ] 
AVGVAL 
WAVG ̂  8xY3 
FOR I - 1 STEP 1 UNTIL M + 1 DO A[I] ̂  R[I]XRH0[2,l]xU[2,I]XT[2,I] 
AVGVAL 
TAVG ̂  8xY3 
FOR I ̂  1 STEP 1 UHTIL M + 1 DO A[I] *- R[I]XRH0[2,I] 
AVGVAL 
GRAV - 8xY3 
DT - (TQ - TIME(2))/60 
COMMENT CAL NUSSELT NUMBERS, DIST, AND ERRORS 
COMMENT THIS SECTION VARIES FROM PROGRAM TO PROGRAM. FOR HEAT TRANSFER 
PROGRAMS IT STANDS AS IT IS HERE. FOR MASS TRAJNfSFER PROGRAMS TEMP, 
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PRN AND KT ARE REPLACED BY COWC, SC AND RDF. FOR TUBULAR REACTOR 
PROGRAMS ONLY THE ERROR CHECKS AND LNUSR ARE RETAINED 
NUSO *- PRNxTAVG/(UxKTMxZP) 
NUSAV ̂  ERNxTAVG/(2xKTAVx(2-TAVG)) 
NUSLN *- PRNx(-LN(l-TAVG))/(i+xZP) 
LNUSR - (3XT[2,M+1] -UXT[2,M] + T[2,M-1])/(2XDRX(1-TAVG)) 
ERRAD *- UXLNUSRX(TAVG-1)XDZ/(FRNXHR[1]X(WAVG1 - WAVG)) 
ERRA ̂  1 - (TAVG - TAVGl)/(WAVGl - WAVG) 
ERR ̂  (ERRA - ERRAD)/(ERRA + ERRAD) 
AXZ ̂  l6xZPx(l+Nl)/(PRNx(l+3xNl)) 
GZ - 3.1^16 X PRN/(^xZP) 
LAMDA ̂  AXZ X ALP 
COMMENT PRINT OUT - IN ORDER TO REDUCE THE AMOUNT OF OUTPUT THE 
FOLLOWING SCHEME WAS USED 
IF WAVG ^ ZPT THEN BEGIN 
IF ZPT < O.OU85 THEN ZPT + ZPT + 0.01 
IF ZPT < 0.8985 AND ZPT > O.0I+85 THEN ZPT *- ZPT + 0.05 
IF ZPT > 0.8985 THEN ZPT - ZPT + 0.01 
RADl - -0.00001 
WRITE(FOUT,H0W3,0UT3) 
WRITE(F0UT,FMTU) 
FOR I ̂  1 STEP 1 UNTIL M+1 DO BEGIN 
RAD ̂  R[I] 







COMMENT CHANGE DR 
Kl ̂  Kl + 1 
IF VMAX < 100 M D Kl ̂  10 AND M > 80 THEN Kl 
IF VMAX < 50 AND Kl 5: 10 AND M > kO THEN Kl 
IF VMAX < 10 AND Kl ̂  10 AND M > 20 THEN Kl 
IF Kl = 0 THEN BEGIN 
M *- M/2 ; DR - 0.5/M 
FOR I - 1 STEP 1 UNTIL M+1 DO BEGIN 
R[ I ] ̂  (l-l)xDR 
V[l] ̂  V[2x1-1] 
W[2,I] *- W[2,2x1-1] 
U[2,I] - U[2,2x1-1] 
T[2,I] - T[2,2x1-1] 
END : END 
COMMENT CHANGE DZ 
IF ERR < 0.05 AND ABS(WAVG - WAVGl) < 0.005 THEN BEGIN 
DZ ̂  2xDZ ; WRITE(F0UT,FMT5) 
END 
COMMENT REPEAT CYCLE 
IF WAVG > 0.02 THEN BEGIN PRl - PR2 
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FOR I ̂  1 STEP 1 UNTIL M + 1 DO BEGIN 
U[1,I] - U[2,I] 
T[1,I] - T[2,I] 
W[l,l] - W[2,I] 
END 
WAVGl *- WAVG 






Although the program is valid for variable properties, all pro-
perties were not varied in every program and some were never varied at 
all. The heat capacity and thermal conductivity were not varied and 
were always equal to unity. The heat of reaction and the flow behavior 
index were varied from program to program but never varied within a 
given program. 
The density was varied widely in some programs but almost always 
a linear variation with concentration was assumed. For gases the per-
fect gas assunption gives 
(c^ + CgW) 
P = T 
where 
c^ + c^ = 1 
The reaction rate constant was assumed to follow the Arrhenius 
relation 
AH' 
In K' = In K' + .yp^ 




^r = ̂ r ^^^f^T") 
K' 
r 
r ~ K' 
ro 
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AH^ 1 1 
= e x p ( ^ ( ^ - ^ ) ) 
= exp(:^TYr(-—^^—)) 
o 
= exp(E^ ^ ) 
The work of Christensen and Craig (l9) demonstrated that the 
flow consistency index also follows the Arrhenius relation. Thus for 
the case of the wall temperature equal to the entering bulk temperature 
K = exp(E ^ - ^ ) 
V" V T 
where 
AH' 
T? - .^. 
^v - - i ^ : ^ 
o 
For the Graetz problem the dimensionless temperature is defined differ-
ently as 
m ' _ m' 
T = Y 
i " W 
Then K becomes 
V 
AH' T! - T' 
„ / va 1 w 











AH' T' - T' 
•P va 1 w 




\ = ̂ ^(^ 1 W T - 1)T 
^ w 
93 
The results of this work and those of Craig (19) indicate that 
K = exp(E T) 





The results of the simple models proposed in Chapter III of this 
work require a number of numerical integrations. These integrations were 
performed by a straightforward use of Simpson's rule. A number of cases 
of interest are presented in this section. 
Table k. Constant Proper ty Comparison of "Plug Flow'^ 





m •)f •¥r 
z a = 0 Q' = 00 Z Of = 0 Q/ = CO 
n = 1.5 n = 1.0 
0 1 .000 1.000 0 1.000 1 .000 
0 . 2 o.6Uii- 0.681+ 0 . 2 0 . 6 7 0 0.701+ 
O A 0.1+15 0.U90 0.1+ 0.1+1+9 0.511+ 
0 . 6 0 . 2 6 7 0 . 3 5 9 0 . 6 0 . 3 0 2 0 . 3 8 3 
0 . 8 0 . 1 7 2 0 . 2 6 7 0 . 8 0 . 2 0 2 0 . 2 8 9 
1.0 0 . 1 1 1 0 . 2 0 0 1.0 0 . 1 3 5 0 . 2 1 9 
1.2 0 . 0 7 1 0 . 1 5 1 1.2 0 . 0 9 7 0 . 1 6 7 
l.k 0.01+6 0 . 1 5 5 1.1+ 0 . 0 6 1 0 . 1 2 9 
1.6 0 . 0 3 0 
n = 0 . 5 
0 . 0 8 8 1.6 o.oi+i 
n = 0 . 2 
0 . 1 0 0 
0 1 .000 1.000 0 0 . 0 0 0 1.000 
0 . 2 0 . 7 1 6 0 . 7 3 6 0 . 2 0 . 7 6 7 0 . 7 7 7 
0.1+ 0 . 5 1 ^ 0 . 5 5 8 0.1+ 0 . 5 8 6 0 . 6 1 5 
0 . 6 0 . 3 6 8 0.1+29 0 . 6 0.1+1+9 0.1+87 
0 . 8 O.26U 0 . 3 3 2 0 . 8 O.3I+I+ O.38I+ 
1.0 0 . 1 8 9 0 . 2 5 8 1.0 0 . 2 6 3 0 . 3 0 6 
1 .2 0 . 1 3 5 0 . 2 0 1 1.2 0 . 2 0 2 O.2I+I+ 
l . U 0 . 0 9 7 0 . 1 5 8 1.1+ O.I5I+ 0 . 1 9 6 
1.6 0 . 0 6 9 0.121+ 1 .6 0 . 1 1 8 0 . 1 5 7 
Table 5. Average Concentration of Variable Density 
"Parabolic Flow" Model 
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•X-
z n = 0 . 2 n = 0 . 5 n = 1 . 0 n = 1 . 5 
c = 1 .1 
0 1 .000 1 .000 1.000 1.000 
0 . 2 0 . 7 7 5 0 . 7 3 5 0 . 7 0 0 0 . 6 7 0 
o.i+ 0.60^^- 0 . 5 5 2 0 . 5 0 6 O.U8I 
0 . 6 O.U73 0.1+18 0 . 3 7 2 0 . 3 ^ 7 
0 . 8 0 . 3 7 1 0 . 3 1 9 0 . 2 7 6 O.25I+ 
1.0 0 . 2 9 2 0.2UU 0 . 2 0 6 0 . 1 8 7 
1 .2 0 . 2 2 9 0 . 1 8 7 0 . 1 5 5 0 . 1 3 9 
i . U 0 . 1 8 1 0.1^1+ 0 . 1 1 7 0 . 1 0 3 
1 .6 O.li+3 0 . 1 1 1 
c-L = 0 . 9 
0 . 0 8 9 0 . 0 7 8 
0 1.000 1.000 1.000 1.000 
0 . 2 0 . 7 8 0 0.7k2 0 . 7 0 8 0 . 6 8 9 
o.i+ 0 . 6 1 7 0 . 5 6 7 0 . 5 2 3 0.1+99 
0 . 6 O.i+93 0.1+Uo 0 . 3 9 5 0 . 3 7 1 
0 . 8 0 . 3 9 6 0 . 3 ^ ^ 0 . 3 0 2 0 . 2 8 0 
1.0 0 . 3 2 0 0 . 2 7 2 0 . 2 3 3 0.21I+ 
1.2 0 . 2 5 9 0 . 2 1 6 0 . 1 8 2 0 . 1 6 5 
i.k 0 . 2 1 1 0 . 1 7 2 O.li+3 0 . 1 2 8 
1 .6 0 . 1 7 2 0 . 1 3 8 0 . 1 1 2 0 . 1 0 0 
Table 6. Average Concentration of Variable Density 
"Parabolic Flow" Model - Newtonian Fluid 
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\ 
z 0 . 3 3 3 0 . 5 0 0 0 . 6 6 7 0 . 7 5 0 1.250 1.500 1 .667 2 . 0 0 0 3 .000 
0 1.000 1 .000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
0 . 2 0 . 7 3 1 0.72U 0 . 7 1 7 0 . 7 1 ^ 0 . 6 9 3 0 . 6 8 3 0 . 6 7 6 0 . 6 6 3 0 . 6 2 1 
0.1+ 0 . 5 7 2 0 . 5 5 8 0 . 5 ^ 3 0 . 5 3 6 0.1+93 0.1+72 0.1+58 0.1+31 0 . 3 5 3 
0 . 6 oMk O.Ui+3 0 . ^ 2 3 0 .U13 0 . 3 5 5 0 . 3 2 7 0 . 3 1 0 0 . 2 7 6 0 . 1 9 0 
0 . 8 0 . 3 8 5 0 . 3 5 9 0 . 3 3 5 0 . 3 2 3 0 . 2 5 7 0 . 2 2 7 0 . 2 0 9 0 . 1 7 5 0 . 0 9 9 
1.0 0 . 3 2 5 0 . 2 9 6 0 . 2 6 9 0 . 2 5 6 0 . 1 8 7 0 . 1 5 8 O . l U l 0 . 1 1 0 0 . 0 5 0 
1.2 0 . 2 7 7 0.2^+6 0 . 2 1 8 0.20i+ 0 . 1 3 7 0 . 1 1 0 0 . 0 9 5 0 . 0 6 9 0 . 0 2 6 
l . U 0 . 2 3 9 0 . 2 0 7 0 . 1 7 8 0 . 1 6 5 0 . 1 0 0 0 . 0 7 7 0.061+ 0.01+1+ 0 . 0 1 3 
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AH = - 0 . 1 \ = ^ 
h 10 
0.025 0.025 
0.051 0 .051 
0.105 0.106 
0.229 0.23!^ 
0 .39^ O.Ull 
0.669 0.722 
0.955 l.oi+8 
















0 .271 0.305 
o.i+oU 0.512 









































Table 10. General Solution to "Plug Flow" Model 
AH = -0.3 
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A 
AH = - 0 . 3 \ = ^ 
NuSc 
w —=r" 0 h 10 16 2k 
cvPr 
0 . 9 5 0 . 0 2 5 0 . 0 2 5 0 . 0 2 5 0 . 0 2 5 0 . 0 2 5 
0 . 9 0 O.OU8 0.0^+8 0 . 0 ^ 9 O.0U9 O.OU9 
o.8o 0 . 0 9 ^ 0 . 0 9 5 0 . 0 9 6 0 . 0 9 7 0 . 0 9 8 
o.6o 0 . 1 8 2 0 . 1 8 8 0 . 1 9 7 O.20U 0 . 2 1 3 
o.Uo 0 . 2 7 5 0 . 2 9 5 0 . 3 2 6 0 . 3 5 2 0 . 3 7 8 
0 . 2 0 0 . 3 9 8 0.U59 0 . 5 5 7 0 . 6 3 0 0 . 6 8 5 
0 . 1 0 0 . 5 0 2 0 . 6 2 7 
A 
AH 
0 . 8 2 7 
= - 0 . 3 
0 . 9 ^ 2 




W =r - 0 10 16 2i+ 
Q-Pr 
0 . 9 5 0 . 0 2 3 0 . 0 2 3 0 . 0 2 3 O.O2U 
0 . 9 0 O.O^H o.oUU 0.0U5 O.OU5 
0 . 8 0 0 . 0 7 7 0 . 0 8 1 0 . 0 8 2 0 . 0 8 5 
0 . 6 0 0 . 1 2 7 0.1^4-2 0 . 1 5 2 O.I6U 
O.i+0 0 . 1 6 5 0 . 2 0 1 0 . 2 3 0 0 . 2 7 2 
0 . 2 0 0 . 2 0 1 0 . 2 8 3 0 . 3 7 3 0 . 5 0 ^ 
0 . 1 0 0 . 2 2 6 0 . 3 7 3 
A 
AH 
0 . 5 8 5 
= - 0 . 3 
0 . 8 0 2 
E = 2 1 
a 
NuSc 
a P r 
0 10 16 2U 30 ko 
0 . 9 5 0 . 0 2 2 0 . 0 2 2 0 . 0 2 2 0 . 0 2 2 0 . 0 2 3 0 . 0 2 3 
0 . 9 0 o.oUo 0 . 0 ^ 0 o.oi+i O.Oi+1 0.0^^2 O.OU2 
0 . 8 0 0 . 0 6 5 0 . 0 6 8 0 . 0 7 0 0 . 0 7 2 0 . 0 7 ^ 0 . 0 7 7 
0 . 6 0 0 . 0 9 3 O.IOU 0 . 1 1 1 0 . 1 2 2 0 . 1 3 1 O.II+7 
o.Uo 0 . 1 0 8 0 . 1 2 7 0.1U2 0 . 1 7 0 0 . 1 9 8 0 . 2 5 0 
0 . 2 0 0 . 1 1 9 0 . 1 ^ 7 0 . 1 7 5 0 . 2 5 0 0 . 3 5 6 0 . 3 5 ^ 
0 . 1 0 0 . 1 2 5 0 . 1 5 9 0 . 2 0 2 O.i+01 0 . 6 3 2 0 . 8 1 3 
103 
Table 11. General Solution to "Plug Flow" Model AH = -0.5 
A 
AH = - 0 . 5 E = 7 a 
NuSc 
W TT- 0 k 10 16 21+ 
a P r 
0.95 O.O2U O.O2I+ O.O2I+ O.O2I+ O.O2I+ 
0.90 0 . 0 ^ 6 O.OU6 O.OU6 O.OI+6 0.01+7 
0.80 0 . 0 8 5 0 . 0 8 6 0 . 0 8 7 0 . 0 8 9 0 . 0 9 1 
o.6o 0 . 1 5 1 0 . 1 5 7 0 . 1 6 6 0 . 1 7 5 0 . 1 7 7 
o.Uo 0 . 2 1 3 0 . 2 3 0 0 . 2 5 8 0 . 2 8 7 0 . 3 2 3 
0 . 2 0 0 . 2 8 9 0 . 3 2 9 0.1+10 O.50I+ 0.596 
0 . 1 0 0 . 3 ^ 9 O.U2I 
A 
AH 
0 . 5 9 8 
= - 0 . 5 
0 . 7 8 0 






0 10 16 21+ 30 1+0 
0 . 9 5 0 . 0 2 2 0 . 0 2 2 0 . 0 2 2 0 . 0 2 2 0.022 0 . 0 2 2 
0 . 9 0 0 . 0 3 9 O.Oi+0 o.oi+o o.oi+o o.oi+i o.oi+i 
0 . 8 0 0 . 0 6 3 0 . 0 6 6 0 . 0 6 8 0 . 0 7 0 0 . 0 7 2 0 . 0 7 5 
0 . 6 0 0 . 0 9 0 0 . 1 0 0 0 . 1 0 7 0 . 1 1 7 0 . 1 2 5 O.ll+O 
o.Uo 0 . 1 0 6 0 . 1 2 3 0 . 1 3 6 0 . 1 6 0 0 . 1 8 5 O.23I+ 
0 . 2 0 0 . 1 1 8 0 . l i l 3 0 . 1 6 7 0 . 2 2 8 0 . 3 1 8 O.I+7I+ 




= - 0 . 5 
0.3I+I+ 
E = 2 1 
a 




0 1+0 60 80 100 
0 . 9 5 0 . 0 2 0 0 . 0 2 0 0 . 0 2 1 0 . 0 2 1 0 . 0 2 2 
0 . 9 0 0 . 0 3 ^ 0 . 0 3 6 0 . 0 3 8 0 . 0 3 9 0 . 0 5 8 
0 . 8 0 O.OU9 0 . 0 5 9 0 . 0 6 5 0 . 0 7 0 0 . 0 7 6 
0 . 6 0 0 . 0 6 0 0 . 0 8 7 0 . 1 1 2 O.1I+2 0 . 1 6 6 
0 . ^ 0 0.06^+ o.ioU 0 . 1 7 8 0 . 2 7 2 0 . 3 1 9 
0 . 2 0 0 . 0 6 6 0.118 0.1+06 0 . 5 5 8 0 . 6 2 0 




The eigenvalues, expansion coefficients and norms required for 
use with the analytical solutions developed in Chapter IV of this work 
are presented. For the heat-transfer problem, Nusselt numbers and mean 
temperatures are presented as functions of §. 
Table 12. Eigenvalues, Expansion Coefficients and 
Norms for the Tubular Reactor Problem 
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N = 1.5 N = 1.0 






































































































































































































































Table 12. Eigenvalues, Expansion Coefficients and 


















































































































































































































































Table 13 . Eigenvalues , Expansion C o e f f i c i e n t s and 







N = 1.5 N = 1.0 
1 1.91+1401 l.i+698 O.086I+ 1.828U l.U76i+ 0.0939^ 
2 12.0080 -0.7960 0.03^7 11.1523 -0.8060 0.03755 
3 30.6833 0.5803 0.0217 2QMoh 0.5887 0.023^5 
k 57.9810 -0.U669 0.0158 53.8097 -0.^7^+3 0.01708 
5 
N = 0 .8 
87.1380 O.U0U8 
N = 0 .6 
0.013^5 
1 1.7^^2 1.^777 0.0996 1.6763 I.U865 0.10565 
2 9.7819 -0 .7271 0.0^19 10.1258 -0.8286 O.OU157 
3 22.3289 0.2290 0.0270 25.7695 0.6062 0.02597 
k 
N = 0 .5 
l+8.6i+87 -O.i+889 
N = O.U 
0.01890 
1 1.6^55 1.k^kh 0.1091 1.6127 1.5051 0.11310 
2 9.7728 -0 .8381 0.0^31 9.3650 -0.8510 0.0^+50^4 
3 2^.877^ O.61U5 0.02692 23.8I499 0.6256 0.02809 
h i+6.91+81 - 0 . J+960 0.0196 UU.9958 -0.5052 0.020^^ 




= 0 .2 
0.0127 
1 1.^998 1.53^3 0.1262 
2 8.1^23^ -0 .9083 0.050^ 
3 21.3116 0.6692 0.0315 
h i+0. li+96 -0.5^17 0.0229 
5 6^.9377 O.U62U 0.0180 
6 95.6759 -O.i+033 0.01^9 
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T a b l e II+. N u s s e l t Numbers f o r t h e G r a e t z Prob lem 
§ l i 
Nu 




0 ^^AM ^ ^ 
T 
m 
N = 1.5 N - 1.0 
0 . 1 I4.28 5 .35 6 . 2 7 6.31+ O.29I+ k.6k 5 . 6 8 6 . 6 2 6 . 6 8 O.28I+ 
0 . 2 3 . 8 3 3 . 9 5 5.0I+ 5 . 1 8 0.1+3^ l+.OO 1+.21 5 . 3 ^ 5 . ^7 O.U2I 
0 . 3 3 . 6 6 3 . 2 7 1+.1+7 1+.69 0 . 5 3 9 3 . 7 9 3 . ^ 9 I+.72 l+.9^ 0 . 5 2 3 
0.1^- 3 .60 2 . 8 3 I+.IO 1+.1+2 0 . 6 2 2 3 . 7 1 3 . 0 2 ^ . 3 3 1+.6I+ 0 . 6 0 5 
0 . 5 3 . 5 7 2 . 5 0 3 . 8 2 I+.25 0 . 6 8 9 3 . 6 8 2 . 6 9 I+.OI+ 1+.U5 0 . 6 7 1 
1.0 3 . 5 6 1.60 2 . 8 7 3 . 8 9 0 . 8 8 2 3 . 6 5 I.7I+ 3 . 0 7 1+.06 0 . 8 6 8 
1.5 3 . 5 6 1 .16 
N = 
2 . 2 2 
0 . 8 
3 .77 0 . 9 5 6 3 . 6 5 1 .26 
N = 
2.U0 
0 . 6 
3 .92 0 . 9I+7 
0 . 1 _ _ _ _ _ 5 . 0 8 6 . 1 8 7.1I+ 7 . 2 0 0 . 2 7 0 
0 . 2 1+.37 k.2k 5 .30 5.1+2 0.1+01 l+.l+O I+.6O 5 .76 5 . 8 8 0.1+02 
0 . 3 3 . 9 5 3 . 5 8 1+.79 ^ . 9 9 0 . 5 0 7 I+.1I+ 3 . 8 3 5 . 0 9 5 .30 0 . 5 0 1 
O.k 3 .80 3 .12 1+.1+2 I+.7I 0 . 5 8 9 I+.03 3 . 3 2 1+.67 1+.96 0 . 5 8 0 
0 . 5 3.7I+ 2 . 7 8 1+.13 I+.52 0 . 6 5 6 3 . 9 8 2 . 9 5 U.36 1+.75 0.61+6 
1.0 3 . 6 9 1 .88 3 . 2 5 ^ . 1 3 0.81+3 3 . 9 5 1 .99 3 . 3 6 ^ . 2 9 0.81+7 
1.5 3 . 6 9 1 .33 
N = 
2 . 5 0 
0 . 5 
3 . 9 7 0 . 9I+0 3 . 9 5 1.1+2 
N = 
2 . 6 7 
0 . ^ 
l+.lU O.93I+ 
0 . 1 5 .20 6 . ^ 8 i+.50 7 . 5 6 0 . 2 7 0 5 .37 6 . 9 0 7 . 9 8 8 . 0 5 0 . 2 7 1 
0 . 2 k.kk If .81 6 . 0 2 6 . 1 5 0.1+01 I+.53 5 .10 6 . 3 8 6 . 5 2 0.1+01 
0 . 3 i+. l6 3 . 9 9 5 . 3 2 5 . 5 3 0.1^99 1+.22 U.22 5 .62 5.81+ 0.1+97 
0.1+ k.ok 3.1+7 1+.87 5 . 1 7 0 . 5 7 8 U.09 3 . 6 6 5.11+ 5 .^5 0 . 5 7 5 
0 . 5 3 . 9 9 3 . 0 8 1+.51+ i+.9^ 0.61+3 1+.02 3 . 2 6 1+.79 5 . 1 9 0.61+0 
1.0 3 . 9 5 2 . 0 2 3 .50 1+.1+5 0.81+3 3 . 9 7 2.II+ 3 . 6 8 1+.66 0 . 8 3 9 
1.5 3 . 9 5 I . U 9 
N = 
2 . 7 9 
0 . 2 
1+.28 0 . 9 3 1 3 . 9 7 1 .58 2.9I+ 1+.1+7 0 . 9 2 8 
0 . 1 6 . 2 7 7 . 9 7 9 . 1 9 9 . 2 6 0 . 2 6 6 
0 . 2 5 . 2 6 5 . 8 8 7 . 3 2 7.1+7 0 . 3 9 2 
0 . 3 k.87 1+.86 6.1+2 6 . 6 6 O.U86 
o.k i+.68 1+.21 5 .85 6 . 1 8 0 . 5 6 1 
0 . 5 1+.59 3 . 7 5 5.1+1+ 5 . 8 7 0.62I+ 
1.0 U.50 2.1+7 1+.20 5 .20 0 . 8 2 3 
1.5 U.50 1 .83 3 . 3 8 1+.97 0 . 9 1 7 
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APPENDIX F 
TUBULAR REACTOR RESULTS 
Correlation of the numerical solutions for the tubular reactor 
problem appear in this section. The correlating group aPr/Sc has been 
discussed in the main body of this work. The Schmidt number was usually 
taken to be 1 for gases, 1,000 for liquids, and 10,000 for non-Newtonian 
fluids. The Prandtl number was usually taken to be 1 for gases, 10 for 
liquids and 100 for non-Newtonian fluids. 
Table 15. Constant Property Solution - Newtonian Fluids 
Concentration Profi les - Entrance Velocity-
Prof i le : Parabolic 
110 
r = 0 = 0 . 1 r = 0 . 2 r = 0 . 3 r = 0 . ^ r=0.5 
(y/S W 
•X-
m W W W W W W 
0.25 0.898 0.055 0.935 0.931 0.916 0.892 0.866 0.853 
0.799 0.115 0.8ii5 0.838 0.818 0.791 0.765 0.753 
0.597 0.26U 0.633 0.628 0.611 0.590 0.570 0.561 
0.399 0.^69 0.^2i+ 0.U20 o.i+09 0.395 0.381 0.375 
0.198 0.825 0.210 0.208 0.203 0.196 0.189 0.186 
0.089 1.227 0.095 0 .09^ 0 .091 0.088 0.085 0.08U 
2.50 0.897 0.056 O.9U5 0.9U2 0.933 0.908 0.828 0.7^8 
0.800 0.118 0.886 0.881 0.861 o.8oi+ 0.688 0.610 
0.597 0.279 0 .7^1 0.727 0.6^^7 0.578 0.^59 0.399 
0.398 0.509 0.550 0.528 oMh 0.370 0 .281 0.2U2 
0.198 0 . 9 1 ^ 0.298 0.280 0.235 0.178 0.131 0.112 
0.089 1.375 0.139 0.130 0.107 0.079 0.058 0.0U9 
25.00 0.898 0.057 o.9Ui+ 0.9U2 0 .93^ 0.91U 0.81+5 0.600 
0.800 0 .121 0.885 0.881 0.865 0.825 0.689 0.1+01 
0.600 0 .291 0.7^6 0.737 O.70U 0 .62^ o.Uoi 0.183 
0.398 0.553 0.571 0.557 0.509 0.397 0 .191 0.071^ 
0.199 1.027 0.3U9 0.332 0.278 0.175 0.062 0 .021 
" 0.688 1.616 0.135 0.171 0.1^8 0.066 0.019 0.006 
ii+0.00 0.896 0.058 0.9^3 0 .9^1 0.933 0.913 O.8U9 0.513 
0.796 0.125 0.882 0.877 0 .861 0 .821 0.700 0 .261 
0.600 0.296 0.7^3 0 .73^ 0.702 0.627 0.U2U • 0.065 
0.398 0.56U 0.567 0.553 0.508 0.U08 0.192 O.OlU 
0.201 1.0U8 0.3^7 0.332 0.282 0.187 0.050 0.002 
0.08U 1.693 0.178 0.165 0.127 0.06U 0.010 0.000 
I l l 
Table l 6 . Constant Property Solution 
Concentration Profi les 
E n t r a n c e V e l o c i t y P r o f i l e : P a r a b o l i c 
n a/Sc 
W 
m z r=0 r = 0 . 2 r = 0 . 3 r=0.1+ r = 0 . 5 
1.5 10 0 .79^ 0.116 0 . 8 9 0 0 . 8 6 2 0 . 8 1 6 0 . 6 8 6 0 . 1 5 0 
0 .601 0.27^ 0 . 7 5 9 0 . 7 0 3 0 . 6 1 8 0.1+10 0 . 0 0 0 
0.397 0.530 0 . 5 8 7 0 . 5 0 6 0 . 3 9 ^ 0 . 1 7 8 0 . 0 0 0 
0.196 1.005 0 . 3 6 3 O.27I+ 0 . 1 7 0 0 . 0 3 7 0 . 0 0 0 
0.083 1.620 0 . 1 9 ^ 0 . 1 2 3 0 . 0 5 6 O.OOI+ 0 . 0 0 0 
1.0 10 0.800 0.123 0.88U 0.861+ 0 . 8 2 5 0 . 7 0 9 0 . 1 9 5 
0.597 0.302 0 . 7 3 9 0 . 6 9 7 0 . 6 2 3 0.1+30 0 . 0 0 0 
0.399 0.568 0 . 5 6 5 0 . 5 0 7 0.1+09 0 . 2 0 3 0 . 0 0 0 
0.200 1.060 0 . 3 ^ ^ 0 . 2 8 1 0 . 1 8 8 0 . 0 5 0 0 . 0 0 0 
0.088 1.67^ O.18U 0 . 1 3 3 0 . 0 7 0 0 . 0 0 8 0 . 0 0 0 
0 .5 10 0.797 0.1^7 0 . 8 6 3 O.85I+ 0 . 8 2 8 0 . 7 3 8 0 . 2 7 2 
0.597 0.350 O.70U 0 . 6 8 7 0 . 6 3 9 0.1+86 0 . 1 8 6 
0.396 0.657 0 . 5 1 7 O.I+9I+ 0.1+30 0 . 2 5 7 0 . 0 0 0 
0.196 1.210 0 . 2 9 6 0 . 2 7 2 0 . 2 1 1 0 . 0 8 1 0 . 0 0 0 
0.090 1.81^9 0 . 1 5 ^ 0 . 1 3 5 0 . 0 9 1 0 . 0 2 1 0 . 0 0 0 
0 .2 10 0.796 0.180 0 . 8 3 5 O.83I+ 0 . 8 2 7 0 . 7 8 2 0.1+1+3 
0.596 o.i+18 0 . 6 5 7 0 . 6 5 6 0.61+1+ 0 . 5 6 6 0 . 1 3 3 
0.398 0.76U 0.1+61+ 0.1+63 0.1+1+7 0 . 3 5 3 0 . 0 0 6 
0.198 1.378 0.2I+9 O.2I+8 0 . 2 3 3 0 . 1 5 1 0 . 0 0 0 
0.089 2 . 0 8 5 0 , 1 2 1 0 . 1 2 0 0 . 1 0 9 0 . 0 5 6 0 . 0 0 0 
1.5 1.0 0.796 0 . 1 1 5 0 . 8 9 1 0 . 8 6 3 0 . 8 1 7 0 . 6 8 8 0 . 1 5 6 
0.600 0 . 2 7 6 0 . 7 5 8 0 . 7 0 2 0 . 6 1 7 0.1+09 0 . 0 0 0 
0.398 0 . 5 2 9 0 . 5 8 8 0 . 5 0 7 0 . 3 9 5 0 . 1 7 9 0 . 0 0 0 
0.200 0 . 9 9 0 0 . 3 6 9 0 . 2 8 0 0 . 1 7 5 0 . 0 3 9 0 . 0 0 0 
0.087 1.586 0 . 2 0 0 0 . 1 2 8 0 . 0 6 0 0 . 0 0 5 0 . 0 0 0 
0 .2 1.0 0.798 0 . 1 7 8 0 . 8 3 6 0 . 8 3 6 0 . 8 2 9 0 . 7 8 5 0.1+1+8 
0 .601 0.U12 0 . 6 6 2 0 . 6 6 1 0.61+8 0 . 5 7 1 0 . 1 3 9 
0.396 0 . 7 6 8 0.1+63 0.1+61 0.1+1+5 0 . 3 5 0 0 . 0 0 7 
0.200 1.370 0 . 2 5 2 0 . 2 5 0 0 . 2 3 5 0 . 1 5 3 0 . 0 0 0 
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Table 19. Effect of a/Sc and Variable Density 
Limit as 9 -* 0. 
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/ — o u t o u t ^out Pout 
a /Sc 
Po 
0 . 5 
Po 





W Z^ W Z^ W Z^ W z* 
0.50 0 .901 0.055 0.900 0.055 0.899 0.053 0.903 0 . 0 5 1 
0.795 0.125 0.793 0 .121 0.799 0.120 0.793 0 . 1 1 3 
0.590 0.305 0.592 0.268 0.596 0 .251 0 .59^ 0.2U0 
0.39^ 0.58i+ 0.393 oMh 0.391 0.^5!+ 0.392 0.1I08 
0.190 1.157 0.188 0.868 0.187 0.797 0.189 0 . 6 7 9 
0.090 1.812 0.093 1.298 0.089 1.157 0.088 0 . 9 ^ 0 
1.00 0.902 0.055 0.900 0.055 0.899 0.055 0.899 0 . 0 5 3 
0.790 0.133 0.792 0.125 0.792 0 .121 0 .791 O . l l i l 
0.588 0.330 0.590 0.259 0 .591 0.268 0.593 0.2UU 
0.39^ O.6U1 0.391 0.539 0.389 0.^73 0.388 0.U16 
0.189 1.313 0.192 0 .981 0.189 0.825 0.193 0 . 6 7 8 
0.090 2.066 0.095 1.^23 0.089 1.186 0.093 0.9U0 
5.00 0.905 0 .05^ 0.902 0 .05^ 0 .901 0 .05^ 1.898 0 . 0 5 ^ 
0.793 0 .131 0 .791 0.125 0.79^ 0.120 0.793 0 . 1 1 5 
0.59^ 0.320 0.593 0.289 0.590 0.279 0.593 0 . 2 5 3 
0.391 0.637 0.389 0.5^0 0.389 O.50U 0.389 O.U148 
0.19U 1.252 0.19^ 0.970 0.193 0.883 0.190 0 . 7 6 5 
0.092 1.989 0.09^ 1.U21 0.093 1.272 0.087 1 .093 
10.00 0.898 0.059 0.90^ 0 .05^ 0.899 0 .05^ 0.900 0 . 0 5 ^ 
0.791 0.136 0.789 0 .131 0.790 0.125 0.790 0 . 1 2 0 
0.590 0.3^0 0.593 0.305 0.591 O.29U 0.590 0 . 2 7 ^ 
0.391 0.678 0 .391 0 .581 0.390 0.559 0 .391 O.U99 
0.193 1.375 0.192 1.093 0 .191 1.021 0.190 0 . 9 0 9 
0.095 2.19U 0.093 1.6U6 0.089 1.591 0.090 1 .339 
Table 20. Effect of a/Sc and Variable Density 
with Free Convection Effects. 
Free Convection Parameter, Fc 
116 
• OUtx /'^Ollt ^O-
JC U — I 
Po 
- ; P + + P 
•^out '^o 





-315 -180 1+50 U500 
0 . 8 1 .000 1.000 1.000 1,000 
0 . 6 1 .0^3 1 .025 0 . 9 9 0 0 . 9 6 9 
o.k 1 .068 i.oUo 0 . 9 6 0 0 . 9 ^ 8 
0 . 2 1 .076 1 .055 0 . 9 2 0 0 . 9 1 3 
0 . 1 1 .098 1 .085 
cx/Q 
Fc 
0 . 9 ^ 3 
2 . 5 
0 . 9 0 6 
w 
m 
-U50 - ^ 5 ^50 1125 U500 
^ : B 1.000 1.000 1.000 1.000 1.000 
0 . 6 1 .030 1.000 0 . 9 9 1 0 . 9 7 9 0 . 9 8 0 
0.1^ 1 .068 1 . 0 1 1 0 . 9 5 2 0 . 9 3 0 0 . 9 3 0 
0 . 2 1 . 1 0 1 1 .017 0 . 9 1 7 0 . 8 9 0 0 . 8 9 0 
0 . 1 1 .113 1 .019 
cv/S 
Fc 
0 . 9 1 5 
5 
0 . 8 3 8 0 . 8 6 5 
w 
m 
-1+50 - 8 5 85 U25 U500 
0 . 8 1.000 1.000 1.000 1 .000 1.000 
0 . 6 1 .035 1 .018 0 . 9 9 0 0 . 9 8 3 0 . 9 6 8 
o.k 1.069 1 .021 0 . 9 8 3 0 . 9 5 ^ 0 . 9 3 2 
0 . 2 1.1U7 1 .069 0 . 9 7 3 0 . 8 8 9 0 . 8 9 ^ 
0 . 1 1 .159 1 .109 
a/S 
F 
0 . 9 7 3 
10 
0.8i+5 0 . 8 7 0 
w 
m 
- 8 5 U25 835 
0 . 8 1.000 1 .000 1 .000 
0 . 6 1 . 0 2 1 0 . 9 6 3 0 . 9 2 5 
O.h 1 .069 0 . 9 2 7 0 . 8 8 7 
0 . 2 I . I I U 0 . 8 7 0 0.8U6 
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on_=t- Î ^ on 
on H o o 
H H H H 
o n o o i> - o 
ON O - d - CM 
CO H O O 
H H H H 
VD cn\D - d -
O LfN H O 





































O O O O 
o LfN J - o n 
C\J CO OJ H 
o o o o 
o o o o 
on o o Lr\ 
- d - VD !> - I>-
o o o o 
o o o o 
0 0 CM ^ - H 
MD O H CO 
O H H H 
O O O O 
VD CO - d - CO 
O CTN H C!N 
H H CO H 
H H H H 
CM CO t—VD 
0\0\D O 
t > - - 4 - CM H 
H H H H 
Q o n o o H 
VD - d - OJ H 
H H H H 
H 0 0 1>- O 
t - (>- CJN CTN 
VD o n H O 
rH H H H 
O - I>-_d- - d -
J- o on o 
VD CM O O 
O O O O 
o n [>- O N t>-
c n ^ ^ CO 
o o o o 
O O O O 
- d - t>- ON O 
LfN CTN CM UA 
O O H H 
O O O O 
i> - o n CM t— 
ITN CM 0 0 H 
O H H CM 
o o o o 
0 0 H VD D -
- d - H O 0 0 
O H CO CO 
l> - H v D CO 
H CO H O 
CO VXD - d - CO 
H H H H 
cn t- cn\D 
H OO [>- ON 
GO u ^ o n H 
H H H H 
LfN C3NC0 D^ 
CM OO CO H 
CO LfN o n H 
H H H H 
_d- -d- CO o 
_d- LfNVD LfN 
0 0 VD o n o 
O O O O 
ON-::t O - O 
onvD t--:^-
o o o o 
o o o o 
^ CTNVO V O 
J - ON LTN O 
O O H CO 
o o o o 
C!NOO CO - d -
onoo LfN cn 
O O H CO 
O O O O 
- d - C7NVD - d -
cn\o H o 
O O H CO 
O i H H H 
MD _=t- C5NJ-
Lf\ I>- Lr\_=t-
0 0 VD - : t OJ 
H H H H 
LTN LTN t - o n 
VD CO LfN H 
0 0 VD - d - CO 
H H H H 
t>- H CTWD 
[>- cn cn\o 
0 0 O- LfN CM 
H H H H 
00 on-d- cn 
00 t ^ CO i n 
00 t>-vD cn 
O O O O 
H l> - O CM 
_ : t t>- C3\ LfA 
O O O O 
o o o o 
- d - CO H H 
onoo u -̂d-
O O H CO 
o o o o 
o -d- i r \ H 
cn\o o t>-
O O H H 
o o o o 
CO - d - t>- CM 
CO UAOO - d -
O O O H 
H H H H 
O LTWO CT\ 
0 0 O I > - - ^ 
0 0 [ > - ^ OJ 
H H H H 
CO 0 - LfN O 
CTN L C N V D t>-
OO l> - LfN CM 
H H H H 
O - d - O O 
Q ON t > - 0 0 
ON I>-MD -=t-
H H H H 
ON O LA LfN 
o CO H o n 
CJNCO t>- Lr\ 
O O O O 
CO I > - ^ l > -
a \ C!N CO VD 
O H o n i r \ 
O O O O 
CO C5N0O O 
ONVD cn H 
o H CO o n 
O O O O 
VO -=t- H CO 
0 0 LfN H 1 ^ 
O H CM CO 
o o o o 
O ON LfN-d-
0 0 cn ONVD 






o o o o 
OJ O -=t- H 
m ir\ir\ cn 
o o o o 
o o o o 
LfN i r \ ^ 0 0 
_d- 0 0 CO LfN 
O O H H 
o o o o 
CTN t - o n C5N 
x t ON-d- 0 0 
O O H H 
O O O O 
onoo o -d-
LPv O MD H 
O H H CO 
H H H H 
CO O -4 - t>-
c r \ o ON CJ\ 
H H H H 
VD CO H VD 
ON ON ON ON 
I>- LfN o n H 
H H H H 
O I>- ON CJN 
O ON CTN C5N 
CO LfN o n H 
H H H H 
H [>- O !> -
O ON O ON 
0 0 LTN-d- H 












































(U P H 
?H 
;:̂  -P «• 
«J (U 
^ H 
0) ' H 
&•+-• 





t j t>^ 
fl -P 







^ 0) • 
-p o O 
fl g 1 (U cd 
o ^ 11 
S -P 
O S4 W 











O O O O 
o o o o 
o o o o 
o o o o 




O O O 
O O O 
O O O 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 
1 1 1 i r~H 1 1 rH rH H H rH rH H H H H H H rH 1 1 r~i r~i 
11 
fH :s 
O CM CO MD 
CM O CTN CM 
-=J- CM O O 
O - UA CM CM 
, H rH J - -H 
on H o o 
C ^ O CXD _d-
VD C— rH O 
CM O O O 
rH -rt- CM O 
o on o o 
CM O O O 
VD CM LTN O 
VD OJ O- O 
H O O O 




VO I>- U A - d -
o o o o 
o o o o 
cr)\0 0 0 I>-
rH H i H H 




l>- CTN 00 
CM CM CM 
O O O 
rH CTNLTN on 
On_= t - LTN LTN 
o o o o 
o n _ d - LTN CM 
cn\o \>- [>-
o o o o 
H H H H H H H H rH H rH rH I 1 1 1 1 1 1 1 H rH rH rH 
11 
is 
C O <y-^ c n ^ 
C3\CM CM t>-
VD - ^ CM O 
CM O on tH 
O -J- - : t O 
l>~_d- CM H 
CY^vD - d - - r f 
CTN rH CM CJN 
VD_=f CM O 
o on on CTN 
l>- LTN-^- en 
VD on rH O 
LTN-d- 0 0 ^ 
CO CM 0 0 H 
VD o n O O 





O o n i H ITN 
rH rH H O 
O O O O 
I > - 0 0 -=i- LTN 
rH CM on on 
o o o o 
CJM^- O VD 
rH o n LTN LfN 
o o o o 
CO o - ^ on 
rH _=f VD 0 0 
O O O O 
[>- I>~ on CTN 
rH cn\D CO 
o o o o 
rH H H H H rH H H H rH rH rH rH H . H rH H rH rH H 
11 
ts 
m o o CTN O O 
OJ H O 0 0 
CO MD - 5 rH 
rH O >H o n 
CM H O O 
0 0 VO _=!- CM 
_=f - d - OO UA 
CM O l> - t>-
CO VD o n rH 
u ^ v D o OO 
CM CvJ CO CM 
0 0 VD o n rH 
LTN CM I>- t>-
cn^ 0\ en 
CO VD o n rH 




OJ CO MD 0 0 
rH rH H O 
o o o o 
\S\ r A ^ O 
rH on-rt- Lo> 
o o o o 
r-\ 
O 
CM o n rH 
o n LTN t ^ 
o o o 
o n c o tr- Lf^ 
i H CM - d - l> -
O O O O 
CM V D LTN C : N 
r H CM _zh V D 
o o o o 
H rH rH i H rH H rH H H H H H H rH rH H H H H H 
11 
ts 
OJ LTN CM OO 
\ D CO CJ\VD 
0 0 VD J - CM 
UA C3A t>--=t-
VD 0 0 t > - - ^ 
0 0 VO -4 - CM 
C7N-d- CO V D 
VD O G\-^ 
0 0 O- - : ! - CM 
o 00 o on 
l > - CM LTN C5N 
CO [>- LfA CM 
l>-00 O rH 
I>- onvD CM 
00 t>- uA on 
O O O O O O O O O o o o O O O O o o o o 
EH < 
r o H O O 
rH CM CM rH 
O O O O 
CM CJN O - ^ 
r H CM L T A V D 




LTN LTN-r l -
CM _=t- [ > -
O O O 
rH on t>- o 
H CM cr)\D 
O O O O 
O CM VD [>-
rH CM o n LTN 
o o o o 
i H rH rH i H .H rH rH rH rH rH rH rH rH rH rH rH rH H H H 
11 
^ 
OO CM LTN CTN 
00 CM on O 
CO i>- LTN on 
ON CM CTN H 
CO J - on o-
OO l > - LTN OJ 
rH ON rH C7\ 
o\\s\o\cn 
OO i > - LPv o n 
CM VD o n CJ\ 
CTN [>- o n rH 
CO t r -vD -d-
00 -ci- O CO 
C3NCO - ^ en 
CO t ^ v D ^ 
o o o o o o o o o o o o o o o o O O O O 
* 
tsJ 
0 0 VD VD C!\ 
o -=l- on CM 
i H CM _=f 0 0 
LTN cn^ cn 
O CM VD b-




H on o 
CM o n LfN 
CM rH rH I>-
O O rH VD 
rH CM c n ^ 
t— LTN D—VD 
CJN CTN O LTN 
O H enjdr 
o o o o o o o o O o o o o o o o O O O O 
& S s 
O J - CM VD 
rH rH H O 
O O O O 
-d- VD LfNOO 
rH CM on on 




rH - d - U ^ 
Cn^ LfN 
o o o 
0 0 LTN CM OO 
t H en LTWD 
o o o o 
0 0 l > - Lr^ CM 
rH o n LfN t ^ 
o o o o 
rH rH rH H rH rH rH H H rH rH H rH rH i H rH rH H rH rH 
13 
js; 
H UA G\-dr 
o o\o\ <J\ 
CO UA o n rH 
O VD LTN L i^ 
Q G\<J\G\ 





cr\ ON C3N 
LTN o n rH 
on t>- o on 
ON CJN O ON 
O - LrN_d- rH 
O H b - i H 
O O CTN O 
CO VD o n CM 




























































e o (1) ?H rH 
tH p-l CM 
tri >. 11 
fl -p 
cti •H crt 





^ <u • 
-p u o 
S rf 
0) CO 
o u II 
S p 











o o o o 
o o o o 
O O O O 
O O O O 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 
o o o 
o o o 




H r-l H H rH H rH rH rH rH H rH 1 1 r H 1 1 1 1 rH H rH rH 
11 
:s 
r H - : t !>- 0 \ 
OJ i H ^ ^ LTN 
\s\ cn r-\ o 
OJ ONOO v£> 
^ cr)\0 CO 
O CO rH i H 
m ^ rH CJN 
rH LTN ON J -
On rH O O 
C7N CJN LfN 0 0 
VO ON o n C3N 
o n rH rH O 
!>- I>-00 
t>- on o 




a a a a O O O O o o o o O O O O o o o o 
EH 
< 
OJ OJ [>- o n 
H H O O 
o o o o 
onco rH CM 
O O O O 
rH rH O M D 
CO J - I> -VD 
O rH H rH 
C}N |>AD o 
-::t- 0 - CTN H 
O O O rH 
0 - V D CM 
CM CM - : t 





O r-i H H i H H H rH H rH H H H rH rH rH H i H rH H 
II 
:s 
H O CT\ ON 
O MD LfN ON 
l > - _ : t CU O 
00 O CO on 
ON C7N LfAVD. 
VD-4- on CM 
O CO 0 0 LfN 
cr)\D t~ r- i 
VX) CM O O 
-:± CM CO rH 
CO o n c o 00 
\ D ^ CM rH 
CO -zt O 
O O O 









H o n LTNVD 
OJ CM rH O 
O O O O 
CO - d - 1>- I>-
J - CO r^ J -
O O H H 
\D r-\ cn r-{ 
LfN on on t>-
O rH CM CO 
v o LfN t r - ^ 
LfN rH VD O 
O i H rH CM 
rH I>-_=1-
-Ct- CO LfN 




O rH rH i H o o o o O O rH rH H r-l rH rH rH rH r^ H 
11 
fn ^ 
C5\ O - Cf)^ 
rH rH O 0 0 
CO VD -=1- rH 
LTN Q CO LTN 
O ON C5N o n 
OO LTA o n CM 
rH VD VD C7N 
on ON rH CO 
C O LfN CO LfN 
J - MD LfN l > -
rH LfN O rH 
CO LfN o n rH 
\ 0 [>- CJN 
VD CO CO 
CO t - CM 
O 
o o 





0 0 OJ rH CJN 
CM o n CO O 
O O O O 
VD CSD VD o n 
J - CJ\ LTN rH 
O O rH CO 
LfN CTN CO C5N 
cr)\D rH CO 
O O rH CO 
OJ CO LfN_rt 
-4- 0\\D ^ 
O O r-l CO 
0 0 rH O 
CO LTN ON 




O r-\ r-\ r-\ rH rH rH H rH H rH H H 1-1 H H rH H rH H 
II 
u ts 
on o H i>-
LTN D— I>- LTN 
0 0 VD _=^ O) 
i r - iH vD -d-
LTNVD t H V D 
00 ^ ^ H 
0 0 [ > - C 0 O 
CO CO V D - ^ 
CO ^ - M D cn 
^ \o c\} cn 
t>- O CO 0 0 
CO [ > - ^ rH 
t>- on LfA 





o o o o O O O O o o o o o o o o o o o o 
EH 
< 
OJ O t>- H 
cr)j:i- OJ H 
O O O O 
CO CO CO CO 
o n ON [>- i> -
o o H ai 
t - ON C7N CO 
CO J - VO O 
O O O H 
r H I > - CTN CM 
cn\D o i>-
O O H H 
cn o\^ 
CO onvD 




O rH rH H rH H rH H rH rH H H H H H H H H H H 
11 
^ 
CM CO t>- b -
I > - 0 0 O N CTN 
0 0 MD -=1- CO 
C7N t - t > - v D 
0 0 o n c O rH 
0 0 l> -_d- H 
H CO ON b -
H - d - l>- l>-
CTNOO l > - V D 
CO C - J - V D 
O C5NOO rH 
C3N l> -VO LfN 
ir\ o CO \o 
CM I>-CO sri-
0\C0 t>- vo 
O O O O O O O O O O O O O O O O o o o o 
* 
tsl 
-d- CJN CO 00 
ON ONMD O 
o H on t>-
_d- 00 -=t- on 
00 on t>- o 
O H i-t OJ 
CM ON on r-l 
t̂ ~ o cn\o 
O r-^ H rA 
l > - LfN o n Lf^ 
I>- CO LfN I>-
a H r-\ H 
CO LTN r H 
V D CTN o n 




o o o o o o o o o o o o o o o o o o o O 
^ ^ 
CO LTNVO V O 
CO CM r H O 
o o o o 
rH ON O CM 
J - l> - CO VD 
O O rH H 
o r-l CO on 
l i > O LfN O 
O rH i H CO 
LfN rH CO t>-
_=t- ON onoo 
O O rH H 
LfN O VO 




rH H H rH H H H rH H H rH H H H H H rH rH rH H 
s^ 
O CO MD ON 
O O N CJN ON 
0 0 LTN o n rH 
LTNMD l>- O 
ON C?N ON O 
[>- LTN o n CM 
c^co o 00 
CTN c?N o cr\ 
l > - LfN-Ct- rH 
H -d- 00 O 
O C7N C3N O 
CO LfN o n CO 
C^ t>-vD vo 
ON ON C^ C7N 
t>- Lr\ on rH 
O O O O o o o o o o o o o o o o O O O O 












































H < ] 
d 
II 



























o o o o 
o o o o 
o o o o 
O O O O 
O O O O 
O O O O 
O O O O 
O O O O 
O O O O 
O O O O 
O O O O 




H H rH rH 
rH L T s ^ CO 
l>-_zi- 00 VD 
ITS m r-\ o 
rH rH rH rH 
- d - l > -_d - OO 
[>• O !> - rH 
- d - CM O O 
H r^ rH rH 
^^ Q -=^ <-\ 
\S\ G\KO rA 
-d- rH O O 
rH rH rH rH 
t>- t>- o o 
O CM on O 
-d- H O O 
o o o o 
VD l> - UA OO 
O O O O 
o o o o 
O O O O 
O CM O CM 
CM cn^ -r f 
o o o o 
O O O O 
CM O rH LTN 
CM J - UA LfA 
O O O O 
O O O O 
CM VD G\^ 
CM _d VD CO 











































H r^ r4 H 
00 00 O Lf\ 
[>- Lr\ J - -4-
[>- ITN OO H 
rH H H rH 
O O H O 
0 0 VD LTN 0 0 
l>- LfN o n rH 
H iH H H 
00 on o VD 
l>- UA_d- Lf\ 
1>- LTN on rH 
H rH rH H 
LfNVD VD 0 0 
0 0 LTN rH rH 
t>- LTN o n rH 
O O O O 
H CO O LTN 
r^ rH rH O 
o o o o 
O O O O 
I>- I>- Lr> CTs 
,-A en LOvvo 
O O O O 
O O O O 
t>-VD t>- t -
rH on UA l>-
o o o o 
O O O O 
[ > - J - LTN [>-
rH o n LTN O -
o o o o 
H H rH rH 
i>- LTN cn^D 
OJ -=f _=f CM 
00 VD J - CM 
rH H H rH 
O - d CJN O 
CO J - CM CM 
CO V D - d CM 
1 1 1 1 1 i 1 I 
O O VD 0 0 
o n LfN_d r-{ 
CO VD - d - CM 
r 1 r H r~{ r H 
LTNCO l > - t > -
on uA LTN on 
CO VD -d CM 
O O O O 
OO [>-_zf !>-
r^ rH r^ O 
o o o o 
O O O O 
VD -r j - VD [>-
r^ o n UA [>-
O O O O 
O O O O 
VD - d on t>-
rH on m i>-
o o o o 
O O O O 
VD on CM -d-
rH on LfN t ^ 
O O O O 
H H rH rH 
CM rH rH rH 
CO UA i r \ ^ 
0 0 VD J - CM 
r-\ r-\ r-\ r-i 
00 rH CM rH 
ci~)\D uA on 
CO VD -d- CM 
H H H H 
00 1>- CM ^ 
cn\D i>--d-
00 VD-:d- CM 
H rH rH rH 
CM on C7\ CM 
-d- I>- I>-VD 
CO VD _d- CM 
O O O O 
l iA O I > - 0 0 
H CM rH O 
O O O O 
O O O O 
VD -d- UA t -
r-\ CT) \S\\>-
o o o o 
o o o o 
VD on on UA 
rH on uTA [r-
o o o o 
O O O O 
VD on CM on 
rH on LTN t>-
o o o o 
rH rH rH rH 
CM UA CM - d -
OO-zf _ j - cn 
OO VD - ^ CM 
rH rH r 4 rH 
C7N_d VD LTs 
onvD LfN en 
CO VD - d - CM 
rH rH rH rH 
CT\ (3N LPv C7N 
onvD i>-_d 
OO V D - d - CM 
H rH rH H 
on l A CM LTN 
-d- t>-00 VD 
OO VD _d- CM 
O O O O 
ITS CM OOOO 
VD VD LTNCO 
H CY^VD r^ 
O O O O 
l>-_d r-{\D 
LTA CM on o 
r~[ Cn LTAOO 
O O O O 
I>- C:N rHl VD 
UA rH rH CO 
rH on UA t>-
O O O O 
-d- on J - CM 
LTN rH O VD 
iH on LTs I>-
o o o r̂  
O CM O LTN 
H H rH O 
O O O O 
O O O O 
t>- onoo CJN 
rH O n - d - UA 
O O O O 
o o o o 
0 0 LTN H VD 
rH cn LfNVD 
O O O O 
O O O O 
CJN CO VD - d 
rH on LfN [>-






1 1 1 i 1 1 I—i 
0 0 rH 0 0 VD 
CK O CTN O i 
[>-vD on r-i 
H H H rH 
CTN o on o \ 
c?N o CJ\ cr\ 
t>-vD cn r4 
rH rH H rH 
b - H H VD 
ON O O CJN 
[ > - V 0 - d - rH 
H H H rH 
Cr\ O LTNVD 
CJN O (>! C7\ 
i>-vo on r-{ 




O O O O 
o 























































CD •H Cd 
u H 
s (5 
o H •H (1) 
-P > Cd m 
^ Q) • -P O o 
CI fl 1 
0) Cd 
o U II 
^ P o f^ K 










o o o o 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 
rH H H rH H rH rH rH 1 1 1 1 r*n r^ rH H H H 
II 
^ 
m OJ H 0 0 
ON O LTN O 
LTN-rh CM rH 
c n ^ VD M3 
r-\ r-\ O Cn 
uA on CM rH 
VO CJN CJN-d-
-=}• CM CM [>-
- d - CM rH O 
VD O CM -d-
CM on rH O 
CM O O O 
o o o o o o o o o o o o O O O O 
E-i 
rH OO l> - CO 
OJ OJ OJ rH 
O O O O 
O - ^ rH H 
Lf\ C5N CM J -
O O H rH 
CM VD I>- Lr\ 
[>--d- o cn 
O rH CVl CM 
LTN CTN IT— LfN 
VD - ^ - d - ON 
O H CM OJ 
O 
r^ H H rM H rH H H H rH H rH rH H H rH 
II 
fH ^ 
!> - L A _ : t MD 
CO ON O CTN 
V D ^ J - t ^ 
VO LiA |> - OJ 
t>- u-\ on c\j 
C7\VD r H ^ 
VD CT\ on !>-
t > - ^ CM O 
0 0 cn LTNVD 
0 0 OJ O CM 
t>- LfN CM O 




LTN rH rH - d -
C^ LTN UA CM 
O O O O 
LTN OJ o n LTN 
Lr\ rH t>- CM 
O rH rH CM 
ON H LfN O 
- d - O VD -=J-
O rH rH CM 
VD on CJN on 
-d- CJN^ CvJ 
O O rH CM 
H H H H rH rH rH H rH rH H rH rH rH rH rH 
II 
:s 
OJ VO CO CJ\ 
OJ OO CO CM 
CX) V O - 4 - CM 
-cj- 00 CM -4-
CM CM O 00 
00 MD -d- H 
0 0 rH O ON 
on t>- b - CM 
CO VD -4- CM 
00 rH i>- on 
-d- C3N O VD 
00 VD LfN CM 




-4- CTN o on 
-=̂  vo t - on 
o o o o 
O L0\ CM ^ 
Lr> o o - J -
O rH rH CM 
VD CM UA O 
-=^ CJN-d- rH 
O O H CM 
o n [>- ^ - LfN 
^ CO on o 
O O H CM 
H H rM rH H H H H rH H H rH H rH rH rH 
11 
fH Is: 
CM rH CTN CJ\ 
CO \0 en H 
1 ^ 0 0 O - ^ 
cn LTN-d- C5N 
OO VD - d - rH 
t>- LTN O VD 
-d- CTN CM O 
00 VD LTN on 
VD rH -d- 00 
LTN rH-d- H 
00 i>- LfN on 
O O O O O O O O O O O O o o o o 
EH 
O - : t VD O 
LfACXD CO - : t 
O O O O 
CJN rH -d- 00 
_d- o ^ on 
O H H CM 
VD rH CM LfN 
- d - C^_d- O 
O O rH CM 
cn\D VD cn 
_d- 00 on o 
O O rH CM 
o 
II 
A r-A rA A rH rH rH rH H rH rH rH rH rH rH H 
IS 
O Q -=1- OJ 
CM OS-::}- LfN 
CO Lr\ on rH 
C - - ^ v ^ LfN 
cn\o ir\ r-[ 
0 0 MD _=f CM 
0 0 VD VD VD 
- d - CJN CM rH 
0 0 VD LfN o n 
t>- on 00 -d-
LfN rH - d - CM 
0 0 t>- LTN o n 
O d O CD O O O O O O O O o o o o 
* 
tsl 
CM UAOO CM 
-:t !>-_=}- O 
rH CM - d - CO 
O CJN CM -d-
cn H C5AVD 
rH CM CM on 
on_d- O -d-
CM o i>- on 
rH CM CM on 
t - i>- on CM 
r-A CJNVD on 
r-\ r-{ (yi cn 
O O O O o o o o o o o o o o o o 
H * 
CM CO 00 on 
c n ^ ^ CM 
o o o o 
rH 00 i>- on 
UA 0 \ ^ 0\ 
a a r-{ r-{ 
LfN 0 0 cn D— 
LTN O VD rH 
O H rH CM 
CO VD OJ O 
LfN rH I>- o n 
O rH H OJ 
rH H H rH r-] r-\ r-{ r-\ H rH rH H rH rH H H 
a^ 
00 O t - M D 
(y\ G o\o\ 
t—\0 en r-{ 
-d- CT\ l>- O 
cr\ CT\ C7\ o 
o- Lr\ on CM 
t>- O i>- ON 
CJN O C7N ON 
i>-vD cn r-\ 
ON IfNOO OO 
c^ CJN C3N c:^ 
I>- LfN on rH 




































































? H | O 
PH CO 
o o o o 
o o o o 
O O O O 
O O O O 
O O O O 
O O O O 
O O O O 
O O O O 
O O O O 
O O O O 
O O O O 
CO 
H rH rH H 
rH ITN I> -_ ; f 
OD iS\ 0\t>-
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HEAT MD MASS TRANSFER RESULTS 
Heat transfer results for non-Newtonian fluids for constant pro-
perties and for variable rheological properties appear in this section. 
Developing flow results for constant properties also appear here. 
Table 56. Heat Transfer Results for Non-Newtonian Fluids 





T Nu, Nu^,, T Nu^ Nu^.T 
§ m L LN 5 m L LN 
n = 1 . 0 n = 1 .5 
0.001U2 0 . 0 1 9 2 1 8 . 2 2 7 . 2 0.001U8 O.O20U 1 8 . 2 2 5 . 3 
0.00U90 O.OU28 1 1 . 9 1 7 . 9 o.ooi+U6 0.0^+17 1 2 . 1 1 7 . ^ 
0 . 0 1 9 6 0 . 1 0 ^ 3 7 . 3 8 1 1 . 2 0 . 0 1 7 9 0 . 1 0 1 6 7.1+6 1 0 . 9 
0 . 0 5 8 9 0 . 2 0 6 0 ^ . 9 3 7 . 0 6 0 . 0 5 5 1 O.20UI+ 5 . 2 2 7 . 5 5 
0 . 1 8 6 8 0 . ^ 0 3 9 U.07 5 . 5 ^ 0 . 1 7 ^ 3 O.U013 3 . 9 ^ 5 .35 
O.U751 0 . 6 5 3 6 3 . 6 8 hM O.Ui+2U 0 . 6 5 0 1 3 . 5 6 ^ . 3 2 
0.9U70 0 . 8 5 1 8 3 . 6 5 ^ . 0 3 0 . 8 9 5 2 0 . 8 5 3 0 3 . 5 3 3 . 8 9 
1 .^71 0 . 9 ^ 1 1 3 .65 3 .85 1 .539 0 . 9 5 5 5 3 . 5 3 3 . 6 8 
n = 0 .5 n = 0 .2 
0 . 0 0 7 1 0 . 0 2 0 6 21.1+ 2 9 . 2 0 . 0 0 1 8 3 0 . 0 2 1 0 2 8 . 5 3 ^ . 8 
0 .00U91 O.OU08 l i+ .3 20.1+ O.OOU90 O.0U06 1 8 . 3 25.1+ 
0 . 0 1 9 7 0 . 0 9 9 1 8 . 7 5 1 2 . 7 0 . 0 2 0 9 0 . 1 0 2 0 1 0 . 6 1 5 . 5 
0 . 0 6 0 9 0 . 1 9 9 9 6.0U 8 .78 0 . 0 6 2 7 0' .2005 7 . ? 9 1 0 . 7 
0 . 2 0 6 ^ 0.U066 hM 6 . 0 7 0 . 2 1 0 1 0.1+008 5 .22 7 . 3 1 
0 . 5 2 8 9 0 .6570 3 . 9 8 k.Qe 0 . 5 5 ^ 2 0 . 6 5 1 3 1+.56 5 .70 
1.0U79 0 . 8 5 2 0 3 . 9 ^ h.38 I . I3I+ 0 . 8 5 2 0 1+.U9 5 .05 
1 .771 0 . 9 5 2 8 3 . 9 ^ i+.ii+ 1 .921 0 . 9 5 2 0 k.hd h.7h 
Table 57. Heat Transfer Results for Non-Newtonian Fluids 





T Nu Nu^,, T Nu^ NU^TVT 
5 m l i LN I m L LN 
n = 1.0 n = 1.5 
0 . 0 0 0 6 3 O.OIU9 3 1 . 8 i+7.6 0 . 0 0 0 8 1 0 . 0 2 0 1 3 0 . 1 U 5 . I 
0 . 0 0 3 2 8 O.Oi+01 1 6 . 5 2i+.8 0 . 0 0 3 1 9 O.OUll 1 5 . 9 2 3 . 9 
0 . 0 1 ^ 9 0 . 1 0 0 9 9M l^+.l O.Ol^U 0 . 0 9 9 9 8.UU 1 1 . 9 
0 . 0 5 0 2 0 . 2 0 6 5 6 . 1 5 9 . 2 3 0 . 0 ^ 6 5 0 . 2 0 3 5 5 . 9 7 8.9 
0 . 1 5 6 1 O.U035 i+.52 6 . 6 1 0 . iUi+9 0.UOOl k.kk 6.U1 
0.U220 0.6U00 3 . 7 1 U.81+ 0.U800 0 . 6 6 0 2 3 . 7 8 U.8 
0 . 8 0 0 9 0 . 8 3 2 0 3 . 5 1 hM 
n = 0 . 5 n = 0 . 2 
0 . 0 0 0 7 6 0 . 0 1 5 ^ 3 2 . 6 U8.9 0.0009U 0 . 0 1 7 9 3^.8 5 ^ . 1 
0 . 0 0 3 8 5 O.OU02 1 7 . 0 2 5 . 5 0 . 0 0 3 6 9 o.oUoo 2 0 . 9 3 3 . 1 
0 . 0 1 6 7 0 . 0 9 9 1 9.9^ 1 5 . 0 0 . 0 1 7 1 0 . 1 0 0 5 1 1 . 9 1 8 . 5 
0 . 0 5 2 5 0 . 2 0 3 5 7.35 10.)+ 0 . 0 5 ^ 8 0 . 2 0 2 5 7 . 7 8 1 2 . U 
0 . 1 7 3 8 O.U025 5 . 2 7 7 . 1 1 0 . 1 7 ^ 5 O.UOI6 5 .85 8 .05 
0 . 3 7 6 5 0 . 6 0 1 0 U.50 5 .85 0 . ^ 5 9 0 O.6U19 U.92 6 . 0 5 
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Table 58. Heat Transfer Results for Non-Newtonian Fluids 




T Nu^ Nu^,, T Nu Nu^.T 
5 m XJ LN § m L LN 
n = 1.0 n = 0 . 5 
0 . 0 0 1 0 7 0.02if0 3 0 . 3 ^ 5 . 3 0 . 0 0 1 2 7 0 . 0 2 5 1 3 1 . 8 ^ 7 . 7 
0 .00255 0 . 0 3 9 8 2 1 . 1 3 1 . 7 0 . 0 0 3 0 1 O.Oi+02 2 1 . 7 3 2 . 5 
0.012U 0 . 0 9 9 0 1 1 . 2 1 6 . 8 O.OIU2 0 . 1 0 1 0 1 2 . 1 1 8 . 0 
0.0U25 0 . 2 0 0 1 6.99 1 0 . 5 O.OU59 0 . 2 0 1 7 7.89 1 1 . 8 




0 . 2 
I+.98 0 . ^ 2 U l O.6U39 3.95 5.85 
0 .00095 0 . 0 2 0 5 i^3.6 65.3 
O.OOi+21 O.OU99 2i+.3 36.U 
O.OIU3 0 . 1 0 1 3 1 5 . 0 22.1+ 
0 . 0 ^ 6 5 0 . 2 0 1 9 9.79 l i+.6 
0 . 1 5 5 7 0.3997 6.59 9.86 
0 . 5 ^ 1 1 0 . 7 2 8 7 U.83 7 . 2 3 
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Table 59* Heat Transfer Results for Non-Newtonian Fluids 




T Nu_ Nu^.T T Nu_ Nu^.T 
? m L LN § m L LN 
n = 1.0 n = 0 .5 
0 .00102 0 . 0 2 7 0 3 5 . 6 5 3 . 5 o.ooioU 0.02i+9 3 8 . 7 5 8 . 1 
0 . 0 0 2 0 1 O.OU03 2 7 . 3 ^ 0 . 5 0 .00232 0 . 0 3 9 2 2 7 . 8 i+1.2 
0 . 0 0 9 5 1 0 . 1 0 0 1 1 5 . 3 2 2 . 2 0 . 0 1 1 7 0 . 0 9 9 6 I U . 7 2 1 . 6 
0 . 0 3 ^ 7 0 . 2 0 0 6 8.76 1 2 . 9 0 . 0 3 9 2 0 . 1 9 9 9 9 . 3 1 1 3 . 7 
0 . 1 3 1 2 0.hoiG 5 A 0 7.8U 0 . lUi+1 0 . 3 9 7 9 5 . 7 ^ 8.I43 
0 . 3 6 2 8 0 .6U21 
n = 
3 .90 
0 . 2 
5.66 0.U087 O.6U26 U.12 6 . 0 5 
0 . 0 0 1 0 9 0 . 0 2 5 1 U6.i+ 69.8 
0.002U5 o.oUoi 3 3 . 7 ^9.9 
0 . 0 1 2 5 0 . 1 0 1 9 1 9 . 5 2 8 . 7 
0.0U02 0 . 1 9 9 9 11.i+ 1 6 . 7 
0.1U82 0.U013 7 . 0 6 10.U 
O.U651 O.6U99 ^ . 6 0 6.77 
Table 6o. Heat Transfer Results for Non-Newtonian Fluids 
Constant Rheological Properties 
Entrance Velocity Prof i le : Uniform 
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Pr = 100 Pr = 10 
T Nu^ Nu^,, T Nu^ NU^^T 
5 m L LN § m L LN 
n = 1.5 
0 . 0 0 1 3 7 0 . 0 2 0 1 1 6 . 0 2 7 . 0 0 . 0 0 1 5 1 0 . 0 2 8 3 1 2 . 9 3 0 . 9 
0 . 0 0 3 9 1 0 . 0 3 8 9 1 0 . 9 18.i+ 0.00U82 O.OU99 9.38 1 9 . 3 
0 . 0 1 0 1 0 . 0 7 1 0 B.̂ U 1 3 . 3 0 . 0 1 1 7 0 . 0 8 3 1 7 . 0 5 1 3 . 5 
0 . 0 3 3 7 O.li+^9 5.68 QM 0.0U71 0 . 1 8 6 1 5.6i+ 7 . 9 ^ 
0 . 1 0 6 1 0 . 2 9 9 7 k.27 6 . 0 2 0 . 1 0 1 5 0 . 2 9 2 2 ^ . 3 7 6 . 1 8 
0 . 3 0 6 7 0 . 5 5 0 9 3.81+ ^ . 7 3 
n 
0 . 3 0 5 1 
= 1.0 
0 . 5 5 0 2 3.88 ^.76 
0 . 0 0 0 9 1 0 . 0 2 0 0 2 0 . 0 U1+.5 0 . 0 0 1 0 1 0 . 0 2 5 1 2 0 . 9 5 0 . 2 
0 . 0 0 5 ^ 1 O.OU99 1 1 . 2 1 8 . 9 0 . 0 0 3 5 6 0 . 0 ^ 9 9 lU.O 2 8 . 8 
0 . 0 1 6 1 0 . 0 9 2 1 7 . 6 1 1 2 . 0 0 .01326 0 . 0 9 7 1 8.0U 15 A 
0 , 1 2 1 0 . 3 1 1 3 ^ . 3 6 6 . 1 6 0 . 1 1 3 9 0 . 2 9 8 6 i+.i+i 6 . 2 3 
0.1461 0.6i|i^-8 3 . 6 5 U.i+9 
n 
0 . 3 ^ 6 5 
= 0 . 5 
0 . 5 5 0 7 3 .76 I+.6I 
0 .00172 0 . 0 2 3 7 I U . 3 3 3 . 5 0.00li+l+ 0 . 0 3 0 9 2 0 . 9 5 2 . i+ 
0 . 0 0 ^ 1 7 0 . 0 3 9 9 1 1 . 1 2 3 . 5 0 . 0 0 3 9 8 0 . 0 5 0 1 ih.Q 3 1 . 0 
0 . 0 1 2 1 0 . 0 7 ^ 1 7 . 7 9 1 5 . 3 0 , 0 1 0 7 0 . 0 8 0 8 1 0 . 0 1 8 . 9 
0 . 0 3 9 9 0 . 1 5 1 1 6 . 5 9 9.85 0 . 0 3 5 1 0 . 1 5 2 1 6 . ^ 5 1 1 . 3 
0 . 1 0 7 7 0 . 2 7 5 3 5 . 3 ^ 7 . 1 8 0 . 1 2 1 5 0 . 2 8 9 9 i+.82 6 . 7 7 
O.U2OI 0 . 5 9 9 1 ^ . 2 3 5 . 2 1 0.U200 
= 0 . 2 
0 .001U9 
0 . 5 9 9 2 ^ . 2 3 5.2U 
0 . 0 0 1 3 7 0 . 0 2 5 3 1 9 . 9 
n 
56.1+ o .o i f5 i 3 7 . 5 
9 2 . 8 
0 . 0 0 5 7 1 0 . 0 5 0 3 1 2 . 9 2 6 . 9 o.ooUoi 0 . 0 6 5 9 2i+.l 5 1 . 0 
0 . 0 1 6 6 0 . 0 9 0 7 8.96 1 7 . 2 0 . 0 1 3 5 0 . 1 0 5 1 1 2 . 8 2I+.6 
0 . 0 6 3 1 0 . 2 0 0 9 7 . 5 2 1 0 . 6 0 . 0 5 8 3 0 . 2 0 2 9 8 .30 1 1 . 7 




The dimensionless variables used in the main body of this work 
are useful for theoretical developments and correlation purposes. How-
ever, in practical situations, the data is available in terms of dimen-
sional properties. Several calculations are presented here to illustrate 
the calculation of the dimensionless groups and the use of the correla-
tions. 
1. Consider a gas reaction occurring in a tubular reactor with 
the following conditions: 
R' = 0.25 cm 
K' = 0.018 cp 
V 
p' = 0.00130 gm/cm-̂  
C' =0.232 cal/gm °K 
k' = 5.22 X 10'^ cal/cm sec °K 
K^ = 1.23 sec'^ 
-h 
D = 1 0 gm/cm sec 
G' = 0.0282 gra/sec (Mass Flow Rate) 
T' = 300° K 
o 
AH' = -k2 cal/gm reacted 
w' = 0 . 5 gm /gm 
o ~"" °"'N 
o. AH' = 8350 cal/gm mol K 
a 
Calculate the length of tube required for 80 per cent conversion and the 
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maximum tempera ture occur r ing in t h e t u b e . 
From these p r o p e r t i e s o ther q u a n t i t i e s of i n t e r e s t a re c a l cu l a t ed , 
G ' 0.0282 
U' = 
nR' p ' (0 .25) (0.00130) 
= 110.5 cm/sec 






p V (0 .232)(0.00018) 
— - I »• I I I I n 1.1 i l l — III. Jllll. l i»IHll !•• • • i I N- l l l l I — 
k ^ (0.0000522) 
= 0.8 
v' 
^ V ^ (0.00018) 
D^ (0.00001) 
= 1.8 
_ ̂ r ^' / _ (1.23)(0.25)^(0.00130) 
^ "k^ U(O.OOOl) 
= 0.25 
AH = 
^^' ^o ^ (-if2)(o.5) 
C' T' (0.232)(300) 
= -0.30 
V ^^^ 8350 
^a R ^ ^ ~ (1.987)(300) 
= Ik 
For 80 per cent conversion Z = 0.U8 from Table 25-
Since 
i6o 
/ _ 2R'Re Sc _^ __ (0.^0)(UOO)(1.8)(QA8) 
^ - T^ "— z - EI;O~:E) 
= 27.2 cm 
The maximum temperature to be expected is found from Table 25 to be about 
T = 1.11 
or T' = 1.11(300) 
= 333° K 
2. To reduce heat effects, the tube size is reduced to 
R' = 0.111 cm 
Calculate the length of tube required and the maximum temperature 
occurring in the tube. 
Then 
a = 0.050 
Re = 2,000 
and from Table 25 Z =0.66 and T = 1.03 
(0.11l)(2,000)(l.8)(0.^8) 
' = W^ 
= 300 cm 
T' = (l.03)(300) 
= 309° K 
3. When the values of cvPr/Sc, AH and E are not equal to values 
l6l 
foimd in the tables, interpolation is required. Interpolation within 
a table for values of aPr/Sc is straightforward. Interpolation between 
•Jf 
tables is illustrated below. For example, the length of tube (Z ) is 
desired for 80 per cent conversion for a reaction with the following 
properties: 
aPr/Sc =0.25 
AH = 0.2 
E = 18 
V 







0.1 Ik 0.72 
0.3 Ik oM 
0.5 Ik 0.25 
0.1 21 0.66 
0.3 21 0.26 
Isothermal Flow 
0.81 
These values are plotted in Figure 2k from which an interpolated 
A f̂  
value for AH = -0.2, E = lo is obtained to be 
' a 
Z = 0.53 
k. A non-Newtonian slurry containing a reactive material is flow-
ing in a tubular reactor with the following properties: 
R' = 0.50 cm 





Figure 2k, I l l u s t r a t i o n of Interpolat ion in Sample 
Calculation. 
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n = 0.55^ 
p' = 1 gm/cm 
k' = 0.0015 cal/cm sec K 
C' = 1 cal/gm K 
T^i -^ T ^ - 5 / 2 - n 
D = 1 X 10 gm/cm sec 
K ' = 0.2i+ sec"^ r 
G ' = 2680 gm/sec 
T ' = 300° K o 
AH' = -900 cal/gm r e a c t e d 
W' = 0 . 1 gm /gm o a' 
AH = 12550 cal/gm mole °K 
a 
Calculate the length of tube required and the maximum temperature occur-
ring in the reactor. 
From these properties other quantities are calculated. 
u' = ^' = (2680) 
° rrR'̂ p' TT(0.50)^(1) 
= 1290 cm/sec 
,n ,w2-n / 
Re 




C ' K ' „_,/ 1 -n /nN/oH oN n 0 .UU6 
P r = P . ^ f2R s ^ ( 1 ) ( 3 1 . 2 ) / 1 N 
j - r - VyT- ; ( 0 . 0 0 1 5 ) ^1290^ 
= ^00 
K ^^/ 1-n ,^^ ^^ , 0.̂ ^4-6 
Sc - - ^ ' ^ ( ^ ) ' - " . (31.2) (_JL.)' ^ir ^ (0.00001) ^1290^ 
= 60,000 
16U 
^ ^r^.^ P̂  (2^)(0.^0)^(1) 
T^ 1|(0.00001) 
= 1500 
AH ^^' ""̂  (-900)(0.1) AH = ^ ^ = (1)^300) 
= -0.3 
TT = ^ ^ ^ = 1 2 . ^ ^ 0 
a R' T' (1.987)(300) 
= 21 
From Table 51 for 80 per cent conversion 
Then 
z =0.183 
and T = I.306 
l6(l+n} cc 
_ (1+3(0.53U)) (1000)(60,000) , ., Q . 
~ 16(1 + 0.55^) 1500 VIAU.J.OJ; 
= 785 cm 
T' = (1.306)(300) 
= 392° K 
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